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Similarity Renormalization Group

continuous transformation driving
Hamiltonian to band-diagonal form

with respect to a chosen basis

■ unitary transformation of Hamiltonian (and other observables)

eHα = Uα
†HUα

■ evolution equations for eHα and Uα depending on generator ηα
d

dα
eHα =
�
ηα, eHα

� d

dα
Uα = −Uαηα

■ dynamic generator: commutator with the operator in whose
eigenbasis H shall be diagonalized

ηα = (2μ)
2�Tint, eHα

�
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Calculations in A-Body Space

■ evolution induces n-body contributions eH[n]
α

to Hamiltonian

eHα = eH[1]α
+ eH[2]

α
+ eH[3]

α
+ eH[4]

α
+ . . .

■ truncation of cluster series inevitable — formally destroys unitarity
and invariance of energy eigenvalues (independence of α)

Three SRG-Evolved Hamiltonians

■ NN only: start with NN initial Hamiltonian and keep two-body
terms only

■ NN+3N-induced: start with NN initial Hamiltonian and keep two-
and induced three-body terms

■ NN+3N-full: start with NN+3N initial Hamiltonian and keep two-
and all three-body terms

α-variation provides a
diagnostic tool to assess
the contributions of omitted
many-body interactions
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Coupled Cluster Method

G. Hagen, T. Papenbrock, D.J. Dean, and M. Hjorth-Jensen — Phys. Rev. C 82, 034330 (2010)

G. Hagen, T. Papenbrock, D.J. Dean et al. — Phys. Rev. C 76, 034302 (2007)
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Coupled Cluster Approach

■ exponential Ansatz for wave operator

|Ψ〉 = Ω̂|0〉 = eT̂1+T̂2+T̂3+···+T̂A |0〉

■ T̂n : npnh excitation ("cluster") operators

T̂n =
1

(n!)2

∑

jk...
bc...

tbc...
jk...

{̂†

̂
†
b̂

†
c
. . . ̂k̂j̂}

■ similarity transformed Schrödinger Eq.

Ĥ|0〉 = ΔE|0〉 , Ĥ ≡ e−T̂ĤNe
T̂

■ Ĥ : non-Hermitian effective Hamiltonian
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Coupled Cluster Approach

■ CCSD : truncate T̂ at 2p2h level, T̂ = T̂1 + T̂2

b b
b b b b
bC bC bC bC bC

bC bC bC bC bC bC
bC bC bC bC bC bC bC
bC bC bC bC bC bC bC

|Φ0〉

b b
b bC b b
bC bC bC bC bC

bC bC bC bC bC bC
bC bC b bC bC bC bC
bC bC bC bC bC bC bC

T̂1 |Φ0〉

b bC
bC b b b
bC bC bC bC bC

bC bC bC bC bC bC
bC bC b bC bC bC bC
bC bC bC bC bC bC b

T̂2 |Φ0〉

bC bC
bC bC bC b
bC bC bC bC bC

bC bC b bC bC bC
b b bC b bC bC bC
bC bC bC bC bC bC b

T̂1 T̂2 T̂2 |Φ0〉

■ CCSD equations

ΔECCSD = 〈0| Ĥ |0〉

0 = 〈

| Ĥ |0〉

0 = 〈b
j
| Ĥ |0〉

6



Normal-Ordered 3N Interaction

Hagen, Papenbrock, Dean et al. — Phys. Rev. C 76, 034302 (2007)

Roth, Binder, Vobig et al. — Phys. Rev. Lett 109, 052501 (2012)

Binder, Langhammer, Calci et al. — Phys. Rev. C 82, 021303 (2013)
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Normal-Ordered 3N Interaction

avoid technical challenge of
including explicit 3N interactions in

many-body calculation

■ idea: write 3N interaction in normal-ordered form with respect to
an A-body reference Slater-determinant (0ℏΩ state)

V̂3N =
∑

V3N
◦◦◦◦◦◦

̂†
◦
̂†
◦
̂†
◦
̂
◦
̂
◦
̂
◦

=W0B +
∑

W1B
◦◦

{̂†
◦
̂
◦
}+
∑

W2B
◦◦◦◦

{̂†
◦
̂†
◦
̂
◦
̂
◦
}

+
∑

W3B
◦◦◦◦◦◦

{̂†
◦
̂†
◦
̂†
◦
̂
◦
̂
◦
̂
◦
}

■ Normal-Ordering Approximation (NO2B): discard residual 3B
part W3B
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Benchmark of Normal-Ordered 3N
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■ compare IT-NCSM
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3N to normal-ord.
3N truncated at the
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■ typical deviations
up to 2% for 4He
and 1% for 16O
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16O: Coupled-Cluster with 3NNO2B

NN only
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16O: Coupled-Cluster with 3NNO2B

NN only
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α = 0.04 fm4 α = 0.05 fm4 α = 0.0625 fm4 α = 0.08 fm4

Λ = 2.24 fm−1 Λ = 2.11 fm−1 Λ = 2.00 fm−1 Λ = 1.88 fm−1

CCSD
ℏΩ = 20MeV
E3m = 14
HO basis
3N interaction with

400 MeV cutoff, cE refitted
to 4He ground state
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48Ca: Coupled-Cluster with 3NNO2B

NN only
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CCSD with Explicit

3N Interactions

(CCSD3B)

Hagen, Papenbrock, Dean et al. — Phys. Rev. C 76, 034302 (2007)

Binder, Langhammer, Calci et al. — Phys. Rev. C 82, 021303 (2013)
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The CCSD3B Equations

■ the CCSD equations with explicit 3N read

ΔE3B
CCSD

= ΔENO2B
CCSD

+


0

�� Ŵ3B(T̂1T̂2 +
1
3!
T̂3
1
)
��0

�
C

0 = TNO2B
1,CCSD

+





�� Ŵ3B(T̂2 +
1
2
T̂2
1
+ T̂1T̂2 +

1
2
T̂2
2

+
1
3!
T̂3
1
+

1
2
T̂2
1
T̂2 +

1
4!
T̂4
1
)
��0

�
C

0 = TNO2B
2,CCSD

+


b
j

�� Ŵ3B(T̂1 + T̂2 +
1
2
T̂2
1
+ T̂1T̂2 +

1
2
T̂2
2

+
1
3!
T̂3
1
+

1
2
T̂2
1
T̂2 +

1
2
T̂1T̂

2
2
+

1
4!
T̂4
1
+

1
5!
T̂5
1
)
��0

�
C

■ all new contributions stem from Ŵ3B

■ CCSD3B probes new parts of the
Hamiltonian and new excitation
types

bC bC
bC bC bC b
bC bC bC bC bC

bC bC b bC bC bC
b b bC b bC bC bC
bC bC bC bC bC bC b

T̂1 T̂2 T̂2 |Φ0〉
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CCSD with Explicit 3N Interaction

NN+3N induced
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CCSD with Explicit 3N Interaction
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■ excellent agreement between NO2B and explicit 3N
(deviation < 1% for all nuclei considered)

■ quality of NO2B independent of emax, ℏΩ, α

■ efficient and accurate way to include 3N interactions
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E3max Truncation

■ full V̂3B matrix too large to handle

■ E3max truncation : use V̂3B matrix elements 〈pqr|V̂3B|st〉 with

ep + eq + er ≤ E3max ∨ es + et + e ≤ E3max

ep = 2np + p

■ current limits:

E3max ≤





12 : CC, explicit 3N

14, . . . : NCSM, explicit 3N

14, . . . : CC,NCSM NO2B

storage

production
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E3max Dependence (CCSDNO2B)

NN+3N induced
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■ E3max not significant for soft
interactions

■ harder interactions : up to
2% change in g.s. energies for
E3max = 12 → 14

■ α-dependence for NN+3N
induced reduced for larger
E3max

■ α-dependence for NN+3N full
enhanced for larger E3max
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ΛCCSD(T) - Improving upon CCSD

■ CCSDT, i.e., T̂ = T̂1 + T̂2 + T̂3, expensive

■ solution of the Coupled Cluster Λ equations give a posteriori
fourth order correction to CC energy functional

E = 〈0|(1+ Λ)Ĥ|o〉C

due to triples excitations

δEΛCCSD(T) =
1

(3!)2

∑

bc
jk

λ̃
jk

bc

1

εbcjk

t̃bc
jk
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ΛCCSD(T)NO2B
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ΛCCSD(T)NO2B
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CCSDNO2B vs. ΛCCSD(T)NO2B

NN+3N induced
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■ inclusion of triples excitations
mandatory (up to 6 % more bind-
ing for heavier nuclei)

■ cluster truncation works better for
softer interactions

■ α = 0.02 fm4 results not neces-
sarily closer to exact result than
α = 0.08 fm4

■ ⇒ calculations with bare 3N inter-
action suffer from cluster trunca-
tion and E3max cut
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ΛCCSD(T)

with Explicit 3N Interactions

Binder, Langhammer, Calci, Navrátil, Roth — in prep.
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ΛCCSD(T)3B

■ Ĥ = e−T̂ ĤN eT̂ = ĤNO2B + 116 terms + . . .

■ ΛCCSD(T)3B energy correction

δEΛCCSD(T) =
1

(3!)2

∑

bc

jk

λ̃
jk

bc

1

εbcjk

t̃bc
jk

■ contributions from Ŵ3B to λ̃
jk

bc, t̃
bc
jk

λ̃
jk

bc = λ̃
jk

bc[NO2B] − P̂b/c
∑




jk

b λ

c
+ P̂j/k
∑

d


jd

bc λ
k
d

+
1
2
P̂j/k
∑

de

dek
bc

λ
j

de +
1
2
P̂b/c
∑

m


jk

mc λ
m
b
+ P̂b/c

j/k

∑

d


jd

b λ
k
cd

t̃bc
jk
= t̃bc

jk
[NO2B]− P̂b/c

∑



b
jk

tc

+ P̂j/k
∑

d

bc
jd

td
k

+
1
2
P̂j/k
∑

de

bc
dek

tde
j
+

1
2
P̂b/c
∑

m

mc
jk

tb
m
+ P̂b/c

j/k

∑

d

b
jd

tcd
k

24



ΛCCSD(T)3B
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ΛCCSD(T)3B

NN+3N full
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■ NO2B shows excellent agreement also for
ΛCCSD(T)

• residual 3N contribute 0.75 MeV or 0.7 %
to EΛCCSD(T)

■ EΛCCSD(T) = 〈0|Ĥ|0〉+ ΔECCSD + δEΛCCSD(T)

■ residual 3N contribute

• 0.00 MeV or 0.0 % to 〈0|Ĥ|0〉

• 0.70 MeV or 2.7 % to ΔECCSD

• 0.05 MeV or 2.2 % to δEΛCCSD(T)

■ significant contribution of residual 3N only
for ΔECCSD

■ EΛCCSD(T)3B ≈ 〈0|Ĥ|0〉+ΔECCSD3B+δE
NO2B
ΛCCSD(T)
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CCSDT?

■ No, thanks!

■ ΛCCSD(T) energy correction (non-iterative)

δEΛCCSD(T) =
1

(3!)2

∑

bc
jk

λ̃
jk

bc

1

εbcjk

t̃bc
jk

t̃bc
jk
≈ 〈bc|t̂3|jk〉

■ CCSDT is iterative ⇒ solve for and store 〈bc|t̂3|jk〉

■ need E3max truncation for 〈bc|t̂3|jk〉

■ assume ECCSDT(E3max) ≈ EΛCCSD(T)(E3max)
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CCSDT?
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28



Epilogue
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