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Calcula+ons are performed in finite oscillator spaces. How can one reliably 
extrapolate to infinity? 

Convergence in momentum space (UV) and in posi+on space (IR) needed 

x 

p 

Nucleus 

Phase space covered by 
oscillator basis with (N, b) 

•  Nuclear radius R < L 
•  cutoff of interac+on Λ < ΛUV 

Nucleus needs to “fit” into basis:  

Convergence in finite oscillator spaces 



1.  At low energies, the HO basis looks like a “box” of radius L2. 
2.  π/L2 is the infrared cutoff. 
3.  Knowledge can be used for theore+cally founded 

extrapola+ons in HO basis, computa+ons of phase shijs in 
HO basis …   

“What is the infrared cutoff in the HO basis?”  
[U. van Kolck at INT workshop in spring 2009] 

Very precise answer [More, Ekström, Furnstahl, Hagen, TP, 2013] based on length scale 



Spectrum of the operator p2 

•  At low momentum, number of states increases linearly with increasing momentum  
•  Spectrum looks like that of the momentum operator in a box 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Eigenfunc+ons of  p2 with lowest eigenvalues in oscillator basis 

Eigenfunc+ons looks like those from a box of size L2.  



The lowest eigenvalue  κmin can be computed analy+cally for N>>1. Result: π/L2 

Squared infrared cutoff is the lowest eigenvalue of  p2 

1% devia+on at N>2 

0.1% devia+on at N>14 

π/L2 is very precise value of the IR cutoff   

“N>>1” does not imply imprac+cally large model spaces 



IR correc+ons to bound‐state energies 

Simple view: A node in the wave func+on  

at r=L2 requires αE=exp(‐2kEL2). This yields a (kine+c) energy correc+on   

Model‐independent approach based on [D. Djajaputra & B. R. Cooper, Eur. J. Phys. 21, 261 
(2000)]. 

Final results:  ANC2  Binding momentum 

Only observables enter 

Energy extrapola+on explains findings by Coon et al, Phys. Rev. C 86, 054002 (2012) 



Triton binding energy from SRG interac+ons: 
only observables enter into the IR extrapola+on 



1.  Compute states in channel l with posi+ve energies Ei and momentum pi in 
HO basis at fixed N 

2.  In a box, the ith state determines the box size                          at that energy 
via 

3.  Compute phase shij from usual formula: 
4.  Repeat for several ħΩ     

Phase shijs 

Different sets of points 
from different ħΩ 



Phase shijs 

Alterna+ve approaches based on [Busch et al 1998] employ a harmonic poten+al and 
use  ħΩ0 for finite‐range interac+ons:  
T. Luu, M. J. Savage, A. Schwenk, and J. P. Vary, Phys. Rev. C 82, 034003 (2010). 
I. Stetcu, J. Rotureau, B. R. Barre{, and U. van Kolck, J. Phys. G 37, 064033 (2010). 



How well can one dis+nguish L2 in prac+ce? 

Deuteron (N3LO E&M) 



How well can one dis+nguish L2 in prac+ce? 

Deuteron (N3LO E&M) 



How well can one dis+nguish the exponen+al law in prac+ce? 

Deuteron (N3LO E&M) Gaussian well 

exp(‐2kL2)  exp(‐2kL2) 

exp(‐αL22)  exp(‐αL22) 

L2‐ν  L2‐ν 



Correc+ons for shallow bound states 

Deuteron (N3LO E&M) 



•  UV prac+cally converged (because λ < ΛUV)  
•  IR convergence is slower due to exponen+al decay of wave func+on 
•  Dirichlet boundary condi+on at x=L in posi+on space 

Correc+ons due to finite Hilbert spaces 



Empirical approach: combined  UV and IR fits for SRG 
interac+ons 

UV converged 

extrapolate IR 

IR converged 

extrapolate UV 



Recipe 

1.  Perform calcula+ons at sufficiently large values of ħΩ (these have 
small or no UV correc+ons) 

2.  Plot results (energies, radii) vs. L2 (UV converged results are 
expected to fall onto a single line) 

3.  Perform fit to extrapola+on formulas and read off asympto+c value 



Summary 

•  Much improved understanding of IR proper+es of HO basis 
•  At low momenta, HO basis behaves as a box of size L2 
•  π/L2 is the IR cutoff 
•  Computa+on of phase shijs directly from the posi+ve energy states 
in HO basis 
•  Energy extrapola+on law expressed solely in terms of observables 
•  Correc+ons for shallow bound states worked out 

Outlook: IR proper+es in any localized basis 
•  Diagonalize operator p2 in a given model space  L for this model 
space 
•  Be in the UV‐converged regime 
•  Plot energies and radii as a func+on of L, and extrapolate   


