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ChPT pros and cons
QCD ChPT 

T =
...

!

1

T

ChPT as an effective Þeld theory of QCD

gives a uniÞed description of !! , ! N, NN, 
(axial) vector currents etc. 

is systematically improvable

is the most general Þeld theory with pions, nucleons
(deltas) as dofs in line with the symmetries of QCD

naturally explains the hierarchy 
V2N >> V3N >> V4N

allows doing precision physics with/from light nuclei

predicts the long range behavior of nuclear forces

number of free parameters (LEC) increases 
with increasing order in ChPT

does not provide an explanation on the
size of a particular LEC

is only applicable in the low energy region

convergence radius of ChPT is a priori
unknown



ChPT nuclear forces

VNN V3N V4N

Worked out up 
to the order

N3LO N3LO 
N4LO in progress

N3LO

Regularization 
used

SFR 
In order to suppress strong 
attraction from short-range 
components of N2LO TPE diagr.

Dim. Reg. 
SFR implementation is not 
straightforward in case of e.g.  
ring diagr.

ÑÑ

N4LO contributions to 3NFÕs 
are not negligible due to large 
ci LECs within loop diagrams
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FIG. 5: Chiral expansion of the functions A (q2) and B(q2) entering the two-pion exchange 3NF in Eq. (3.3) up to N 4LO. Left
(right) panel shows the results obtained with the LECs deter mined from the order- Q4 Þt to the pion-nucleon partial wave
analysis of Ref. [57] (Ref. [56]) and listed in Table I. Dashed, dashed-dotted and solid lines correspond to A (3) , A (3) + A (4) and
A (3) + A (4) + A (5) in the upper plots while B(3) , B(3) + B(4) and B(3) + B(4) + B(5) in the lower plots.

VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution tothe three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results ofour study can be summarized as follows.

• We worked out the N4LO contributions to the 2 ! -exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding Òrotation anglesÓ, namely" 10 and " 11, are Þxed in terms of the remaining one" 9 if one
requires that the resulting 3NF matrix elements are Þnite (renormalizability constraint). The parameter " 9

does not enter the expressions for the 3NF at N4LO. These Þndings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constantsci , ødi and øei contributing to the 2 ! -exchange 3NF, we re-analyzed
pion-nucleon scattering at orderQ4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being Þxed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

N2LO
N3LO
N4LO

r r

r

For consistency reason VNN should be worked out up to N4LO

The situation before Epelbaum, HK, Mei§ner arXiv:1412.0142[nucl-th], arXiv:1412.4623[nucl-th]



NN at N4LO

Contribute only to renormalization 
of OPE: OPE is unchanged at N4LO

Entem, Kaiser, Machleidt, Nosyk,
PRC91 (2015) 014002

Kaiser, PRC63 (2001) 044010
Due to shorter range nature can be 
approximated by contact interactions

1/mN - corrections to N2LO one-loop TPE
Kaiser, PRC64 (2001) 057001
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Additional 1/mN - corrections from rewriting relativistic 
Schršdinger eq. in the equivalent non-relativistic form
Friar, PRC60 (1999) 034002

Various relativistic corrections at N4LO

At N4LO there are no isospin-conserving contact interactions

Parity conservation forbids contact terms at Q5
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Two-loop TPE at N4LO
Spectral function representation
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Local regularization
Working with relatively low cut-offs                                 prevents appearance of NN deeply bound states ! ! 500. . . 600 MeV

! µ
! " C

lµ # ! µ
! l !

Im VC(q = i µ $ ! ) = $
3

8µ
Im i

!
dlq
2"

g(1)
+ (il q, q2)g(2)

+ ($ il q, q2)#(µ $ 2$lq )|q2= µ2+ i "

Im VS(q = i µ $ ! ) = $
3µ
64

Im i
!

dlq
2"

h(1)
+ (il q, q2)h(2)

+ ($ il q, q2)(µ2 $ 4$2
lq )#(µ $ 2$lq )|q2= µ2+ i "

Im WC(q = i µ $ ! ) =
1

4µ
Im i

!
dlq
2"

g(1)
! (il q, q2)g(2)

! ($ il q, q2)#(µ $ 2$lq )|q2= µ2+ i "

Im WS(q = i µ $ ! ) = $
µ
32

Im i
!

dlq
2"

h(1)
! (il q, q2)h(2)

! ($ il q, q2))( µ2 $ 4$2
lq )#(µ $ 2$lq )|q2= µ2+ i "

"
µ
%0

#
= ! ! 1

"
0
%q

#
, with %q2 = $ µ2.

! =
"

0 i öq
i öq 1 $ öq öqT

#
=% ! ! 1 =

"
0 $ i öq

$ i öq 1 $ öq öqT

#
.

M (q) = i
3$

a,b=1

&4! d
!

ddl
(2" )d

T#N (l, l $ q)(1)
a,b

i
l2 $ M 2

# + i !
i

(l $ q)2 $ M 2
# + i !

T#N ($ l, $ l+ q)(2)
a,b

T#N (l, l ")(i )
ab = ' ab

%
g(i )

+ (l0, (l $ l ")2) + i %(i á%l " & %l h(i )
+ (l0, (l $ l ")2)

&

+
3$

c=1

i ! bac) c
i

%
g(i )

! (l0, (l $ l ")2) + i %(i á%l " & %l h(i )
! (l0, (l $ l ")2)

&

VC,S(q) = $
2q6

"

! #

2M !

dµ
Im VC,S(iµ $ ! )

µ5(µ2 + q2)

VT (q) =
2q4

"

! #

2M !

dµ
Im VT (iµ $ ! )
µ3(µ2 + q2)

÷V =

' (
p2 + m2

N

2mN
+ V

)

+
V 2

4mN

1

Absence of deeply bound states is advantageous for few- and many-body simulations 

Finite cut-off artefacts are manifested in residual cut-off dependence of nuclear observables

Reduce cut-off artefacts by efÞcient choice of regularization 

Standard non-local momentum space regulator:

! ! 500. . . 600 MeV
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Affects the discontinuity across the left-hand cuts

9

Im E

Re EE!E2!

FIG. 2: Singularity structure of the partial-wave two-nucleon scattering amplitude in the complex energy plane. The solid
dot indicates the position of the S-wave (virtual) bound state. Elastic unitarity is satisÞed on the right-hand cut, also called
unitarity cut. Left-hand cuts are caused by exchange processes in the potential. The Þrst and second left-hand cuts due to
one- and two-pion exchange start at laboratory energy of E

⇡

= �M 2
⇡

/ (2m
N

) ⇠ 10 MeV and E2⇡ = �2M 2
⇡

/m
N

⇠ 40 MeV,
respectively.

governed by contributions emerging from pion exchanges which are unambiguously4 determined by the chiral symmetry
of QCD and experimental information on the pion-nucleon system needed to pin down the relevant LECs. Secondly,
the short-range part of the potential is parametrized by all possible contact interactions with increasing number
of derivatives. It is desirable to introduce regularization in such a way that the long-range part of the interaction
including especially the OPEP, which is responsible for left-hand cuts in the partial-wave scattering amplitude as
visualized in Fig. 2 and thus governs near-threshold energy behavior of the S-matrix, is not a↵ected by the regulator.
Notice that the near-threshold left-hand singularities of the amplitude can be tested e.g. via the low-energy theorems
[27, 59].

The standard implementation of the regulator used e.g. in Refs. [1, 2] is as follows:
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where the powerm is chosen su�ciently large in order that the cuto↵ artefacts V (!p 0
, !p ) # O

�
(Q/⇤)m

�
are beyond

the chiral order one is working at. SpeciÞcally, Ref. [1] usedm = 6 while Ref. [2] employed di↵erent powersm $ 6 for
di↵erent terms in the potential, presumably in order to optimize the quality of the Þt. It is clear that the multiplicative
regulator introduced above leads to distortions of the analytic structure of the partial-wave amplitude near threshold
as it a↵ects the discontinuity across the left-hand cuts, see also Refs. [60, 61] for recent studies of NN scattering
which explicitly exploit the analytic structure of the amplitude. While such distortions are small if ⇤ can be chosen
su�ciently large, they can lead to sizable e↵ects for the commonly adopted choices of⇤ % 500 MeV. It is easy to
avoid this unpleasant feature by exploiting the fact that long-range potentials derived in chiral EFT are nearly local,
i.e. depend only on momentum transfer!q. In fact, the only source of non-locality is given by relativistic corrections
which, in the power counting scheme we are using, start to appear at N3LO, see the previous section. The feature
of locality naturally suggests to apply regularization in coordinate space similar to what was done in Refs. [57, 58]
by cutting o↵ short-range parts of the pion-exchange potentials, for which chiral expansion does not converge, see
Ref. [62] for a related discussion:
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where the regulator function f (x) is chosen such that its value goes to 0 (1) su�ciently fast for x ! 0 (exponentially
fast for x & 1). It is instructive to write this regularization in momentum space,
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4
Strictly speaking, even the long-range tail of the potential is scheme-dependent as it can be a↵ected by unitary transformations. Notice,

however, that unitary ambiguity of the chiral nuclear forces was found to be strongly reduced in the static limit if one demands that

the corresponding potentials are renormalizable [32].

Cut-off artefacts can be partly reduced by additional introduction of SFR

Convenient for partial wave decomposition of nuclear force: simple multiplication

Local regularization in coordinate space:
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By construction long - range physics is unaffected by this regulator

No additional SFR is needed

Distortion of analytic structure of partial-wave amplitudes near threshold.
Effects proportional to inverse power of    . ! ! 500. . . 600 MeV
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Fits of ! N LECs

LECs which affect long range behavior and are Þxed from ! N - sector (ci in GeV-1, di in GeV-2, ei in GeV-3)

c1 c2 c3 c4 d1+d2 d3 d5 d14-d15 e14 e17

N3LO -0.81 3.28 -4.69 3.40 3.06 -3.27 0.45 -5.65 Ñ Ñ
N4LO -0.75 3.49 -4.77 3.34 6.21 -6.83 0.78 -12.02 1.52 -0.37

- - - - - - - -

- -

N3LO LECs: BŸttiker & Mei§ner NPA668 (2000) 97
c2 & di from Fettes et al. NPA640 (1998) 199

N4LO LECs: Q4 Þt to ! N scattering (KH PWA)
HK, Gasparyan, Epelbaum PRC85 (2012) 054006

Epelbaum, Glšckle, Mei§ner NPA747 (2005) 362 
used c3=-3.40 GeV-1. c3=-4.69 GeV-1 would lead 
to spurious deeply-bound states.

( )P. Buttiker, U.-G. Mei§nerr Nuclear Physics A 668 2000 97Ð112¬ 99

Fig.1. Mandelstam plane. The Mandelstam triangle is the inside of the thick lines. The star marks the so-called
ÔÔideal pointÕÕ explained in Section 4.

these calculations at the order they have been performed. In contrast to previous
investigations, we confine ourselves to the inside of the Mandelstam triangle for the
reasons mentioned above.

The manuscript is organized as follows. Some formalism pertaining to elastic
pionÐnucleon scattering pertinent to our investigation is given in Section 2. In Section 3
we construct the invariant amplitudes inside the Mandelstam triangle by use of disper-
sion relations. The chiral perturbation theory amplitudes are fitted to these dispersive
amplitudes in Section 4. Further results on subthreshold parameters and thes-term are
discussed in Section 5. The summary and conclusions follow in Section 6.

2. Formal aspects of elastic pionÐnucleon scattering

Consider elastic pionÐnucleon scattering,

p a q q N p p b q q N p , 1! . ! . ! . ! . ! .1 1 2 2

! .with Ôa,bÕ cartesian pion isospin indices andq , p the four-momenta of the pions andi i

the nucleons, respectively. The scattering amplitude is usually decomposed in terms of
" ! . " ! . !the four invariant functionsA s,t and B s,t where the superscript Ô" Õ refers to

.the isoscalarr isovector part ,

1b a q b a y b aw xT s,t s T s,t d q T s,t t ,t ,! . ! . ! .p N p N p N 2

m1" " "T s,t s u p ,l A s,t q q q q g B s,t u p ,l , 2! . ! . ! . ! . ! . ! . ! .p N 2 2 2 1 m 1 12

2' ! .with s the cms energy andts q y q the invariant momentum transfer squared.1 2
! .The l i s 1,2 denote the helicities of the incomingr outgoing nucleon. In whati

follows, we also need the linear combinations related to the physical channelspq p
pq p andpy p py p. These are related to the isospin amplitudes by

1" " 4X s,t s X s,t " X s,t , Xs A,B . 3! . ! . ! . ! .! .y q2

By use of dispersion relations
c1, c3, c4 are determined inside 
Mandelstam triangle where
ChPT converges better.

No deeply-bound states with c3=-4.69 GeV-1 by use (semi)local regulator procedure

-

Epelbaum, HK, Mei§ner arXiv:1412.0142[nucl-th], arXiv:1412.4623[nucl-th]

For the direct Þt of LECs to experimental data see
Wendt, Eckstršm, Carlson arXiv: 1410.0646[nucl-th]
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Fitting procedure
(Semi)local regularization used

Using Nijmegen PWA (NPWA): Stoks et al. PRC48 (1993) 792

We Þt all isospin-1 channels to pp phase-shifts & generate np and nn phase-shifts
(with exception of 1S0 partial wave)

All isospin breaking corrections are taken in the same way as in NPWA

26 LECs at N3LO (and one more IB LEC at N4LO resulting in                   ) are Þtted forElab ! 200 MeV
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At N3LO Þts in 3S1 - 3D1 channel become unstable (due to appearance of different solutions) 

We require deuteron binding energy to be correctly reproduced

Discard solutions with unrealistic values of D - state probability:

Discard solutions with too strong violation of Wigner SU(4) symmetry: ÷C1S0 ! ÷C3S1
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PD = 5%± 1%
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PD = 5% ± 1%
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Fit results
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as deÞned above does not allow for statistical interpretation

For all values of the cutoff R=0.8,É,1.2 fm we get LECs of natural size
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Clear improvement of                     at N4LO

Additional IB N4LO LEC affects only np - results: without it we would get
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Cutoff dependence
The residual cutoff dependence

Effects of higher-order contact interactions 
beyond the truncation level of the potential

The residual cutoff dependence is expected

LO NLO/N2LO N3LO/N4LOto be reduced if not to be reduced if NLO N2LO N3LO& N4LO

Residual cutoff dependence of phase shifts by looking at
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FIG. 5: Error plots for np scattering in the 1S0, 3S1, 3P1 and 3P2 partial waves as explained in the text. Dotted, dashed (color
online: brown), dashed-dotted (color online: blue) and solid (color online: red) lines show the results at LO, NLO, N 2LO and
N3LO, respectively.

from LO to NLO/N 2LO and from NLO/N 2LO to N 3LO can be viewed as a self-consistency check of the calculation
and indicates that the theory is properly renormalized, see Refs. [22, 93] for more details. Finally, we read o! from
the plots that the breakdown scale" b at N3LO, i.e. the momenta at which the N3LO curves cross the ones of lower
orders, is about! 500 MeV for S-waves and even higher for P-waves. These observations are in line with our previous
Þndings and, in particular, with the size of the LECs accompanying the corresponding contact interactions which are
listed in Table II. We will use " b = 400 . . . 600 MeV, depending on the cuto! R, in our estimation of the theoretical
uncertainties in section VII.

VI. DEUTERON PROPERTIES

We now turn to the deuteron properties. First, as already emphasized in section IV, we stress that we used the
binding energy Bd = 2 .224575 MeV [94] to constrain the Þt. While this choice di! ers from our early work [1], it is
actually the standard procedure for all high-precision phenomenological potentials such as the Nijmegen I, II, Reid93,
CD-Bonn and AV18 one. Also the N3LO potential of Ref. [2] was tuned to reproduce the experimental value of the
deuteron binding energy. We anticipate that relaxing this condition in the Þts would have little impact on few-nucleon
observables.

In Table V, we collect various deuteron properties at N3LO using di! erent values of the cuto! R in comparison with
the results based on the CD-Bonn [81], N3LO Idaho (500) [2] and N3LO (550/600) [1] potentials and with empirical
numbers. In all cases with the exception of the N3LO Idaho potential, the deuteron binding energy is calculated
based on relativistic kinematics, see Eq. (A.4) and Refs. [1, 81] for more details. We remind the reader that the
asymptotic S state normalization AS and the asymptotic D/S state ratio ! are observable quantities which can be
extracted from the S-matrix at the deuteron pole by means of analytic continuation, see [1] and references therein.
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Deuteron properties
R=0.9 fm LO NLO N2LO N3LO N4LO Exp

Bd 2.0235 2.1987 2.2311 2.2246* 2.2246* 2.224575(9)

AS 0.8333 0.8772 0.8865 0.8845 0.8844 0.8846(9)

! 0.0212 0.0256 0.0256 0.0255 0.0255 0.0256(4)

rd 1.990 1.968 1.966 1.972 1.972 1.97535(85)

Q 0.230 0.273 0.270 0.271 0.271 0.2859(3)

PD 2.54 4.73 4.50 4.19 4.29

N4LO & N3LO predictions are very close to each other good convergence

(with exception of PD which is not observable)

N4LO predictions for rd and Q for different cutoffs:

rd=1.970É1.981 fm, Q=0.270É0.281 fm 2 for cutoffs R=0.8É1.2 fm

The observed spread in Q is to be absorbed by the leading short-range NN current with natural LECs

Meson-exchange current and relativistic corrections are not taken into account for rd & Q

Corresponding corrections as estimated by 

of the order of 0.2%

Kohno JPG 9 (1983) L85 & Phillips JPG34 (2007) 365
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Theoretical uncertainty
Sources of uncertainties in nuclear forces

Systematic uncertainty due to truncation of the chiral expansion at a given order

Uncertainties in the estimation of ! N LECs

Uncertainties in the determination of contact interaction LECs

Uncertainties in the experimental data (NPWA in our case)

In previous studies       was addressed by cutoff variation (not the most efÞcient way)  

1

2

3

4

1

the corresponding uncertainty depends on the taken cutoff range            some arbitrariness

residual cutoff dependence measures the contributions due to neglected LECs

the same uncertainty estimation at e.g. NLO and N2LO (LECs appear at Q2n)

Estimate the uncertainty for a given Þxed cutoff R via expected size of higher-order corrections

For a N4LO prediction of an observable            we get an uncertaintyX N4LO
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FIG. 2: Predictions for the np total cross section based on the
improved chiral NN potentials at NLO (Þlled squares, color
online: orange), N2LO (solid diamonds, color online: green),
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circles, color online: red) at the laboratory energies of 50,
96, 143 and 200 MeV for the di! erent choices of the cuto! :
R1 = 0 .8 fm, R2 = 0 .9 fm, R3 = 1 .0 fm, R4 = 1 .1 fm and
R5 = 1 .2 fm. The horizontal band refers to the result of the
NPWA with the uncertainty estimated as explained in the
text. Also shown are experimental data of Ref. [29].
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Here, Q is the expansion parameter given by

Q = max
#
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,
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"
. (4)

For the breakdown scale, we use the same values as in
Ref. [1], namely ! b = 600 MeV, 500 MeV and 400 MeV
for R = 0 .8. . . 1.0 fm, R = 1 .1 fm and R = 1 .2 fm, re-
spectively. The theoretical uncertainty at lower orders
is estimated in a similar way as described in detail in
[1]. Fig. 2 shows the resulting predictions for the np
total cross section at di" erent energies and for all cut-
o" choices. First, we observe that the predictions based
on di" erent values of the cuto" R are consistent with
each other with results corresponding to larger values
of R being less accurate due to a larger amount of cut-
o" artefacts. Secondly, our N4LO predictions provide
strong support for the new approach of error estimation.
In particular, the actual size of the N4LO corrections is
in a good agreement with the estimated uncertainty at
N3LO [1]. The somewhat larger N4LO contributions at
the lowest energy is to be expected and can be traced
back to the adopted Þtting strategy in the 1S0 channel,
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FIG. 3: Results for the np S-, P- and D- waves and the
mixing angles ! 1, ! 2 up to N 4LO based on the cuto! of
R = 0 .9 fm in comparison with the NPWA [21] (solid dots)
and the GWU single-energy PWA [30] (open triangles). The
bands of increasing width show estimated theoretical uncer-
tainty at N 4LO (color online: red), N 3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).

see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.

The above error analysis can be carried out for any
observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ! 1 and ! 2 at NLO and higher orders in
the chiral expansion based onR = 0 .9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ± # " (Elab ) and ± # ! (Elab ), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at
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np total cross section at several
cutoffs

Predictions based on different values
of cutoff R are consistent with each other

Results with larger value of R are less
accurate due to larger cutoff artefacts

Actual size of N4LO corrections is in good
agreement with estimated uncertainty at N3LO

The most accurate results (judging on the size of error bars) are for the cutoffs 
R2=0.9 fm and R3=1.0 fm

At lowest energy the uncertainty due to cutoff variation of NLO results is underestimated.
This pattern changes at higher energies

The suggested chiral error estimation is more reliable than the cutoff variation procedure

Somewhat large N4LO corrections at the lowest energy is  a consequence of the adopted 
Þtting protocol
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online: orange), N2LO (solid diamonds, color online: green),
N3LO (Þlled triangles, color online: blue) and N 4LO (Þlled
circles, color online: red) at the laboratory energies of 50,
96, 143 and 200 MeV for the di! erent choices of the cuto! :
R1 = 0 .8 fm, R2 = 0 .9 fm, R3 = 1 .0 fm, R4 = 1 .1 fm and
R5 = 1 .2 fm. The horizontal band refers to the result of the
NPWA with the uncertainty estimated as explained in the
text. Also shown are experimental data of Ref. [29].
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Here, Q is the expansion parameter given by

Q = max
#

p
! b

,
M !
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"
. (4)

For the breakdown scale, we use the same values as in
Ref. [1], namely ! b = 600 MeV, 500 MeV and 400 MeV
for R = 0 .8. . . 1.0 fm, R = 1 .1 fm and R = 1 .2 fm, re-
spectively. The theoretical uncertainty at lower orders
is estimated in a similar way as described in detail in
[1]. Fig. 2 shows the resulting predictions for the np
total cross section at di" erent energies and for all cut-
o" choices. First, we observe that the predictions based
on di" erent values of the cuto" R are consistent with
each other with results corresponding to larger values
of R being less accurate due to a larger amount of cut-
o" artefacts. Secondly, our N4LO predictions provide
strong support for the new approach of error estimation.
In particular, the actual size of the N4LO corrections is
in a good agreement with the estimated uncertainty at
N3LO [1]. The somewhat larger N4LO contributions at
the lowest energy is to be expected and can be traced
back to the adopted Þtting strategy in the 1S0 channel,
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FIG. 3: Results for the np S-, P- and D- waves and the
mixing angles ! 1, ! 2 up to N 4LO based on the cuto! of
R = 0 .9 fm in comparison with the NPWA [21] (solid dots)
and the GWU single-energy PWA [30] (open triangles). The
bands of increasing width show estimated theoretical uncer-
tainty at N 4LO (color online: red), N 3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).

see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.

The above error analysis can be carried out for any
observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ! 1 and ! 2 at NLO and higher orders in
the chiral expansion based onR = 0 .9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ± # " (Elab ) and ± # ! (Elab ), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at
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R1 = 0 .8 fm, R2 = 0 .9 fm, R3 = 1 .0 fm, R4 = 1 .1 fm and
R5 = 1 .2 fm. The horizontal band refers to the result of the
NPWA with the uncertainty estimated as explained in the
text. Also shown are experimental data of Ref. [29].
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For the breakdown scale, we use the same values as in
Ref. [1], namely ! b = 600 MeV, 500 MeV and 400 MeV
for R = 0 .8. . . 1.0 fm, R = 1 .1 fm and R = 1 .2 fm, re-
spectively. The theoretical uncertainty at lower orders
is estimated in a similar way as described in detail in
[1]. Fig. 2 shows the resulting predictions for the np
total cross section at di" erent energies and for all cut-
o" choices. First, we observe that the predictions based
on di" erent values of the cuto" R are consistent with
each other with results corresponding to larger values
of R being less accurate due to a larger amount of cut-
o" artefacts. Secondly, our N4LO predictions provide
strong support for the new approach of error estimation.
In particular, the actual size of the N4LO corrections is
in a good agreement with the estimated uncertainty at
N3LO [1]. The somewhat larger N4LO contributions at
the lowest energy is to be expected and can be traced
back to the adopted Þtting strategy in the 1S0 channel,
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FIG. 3: Results for the np S-, P- and D- waves and the
mixing angles ! 1, ! 2 up to N 4LO based on the cuto! of
R = 0 .9 fm in comparison with the NPWA [21] (solid dots)
and the GWU single-energy PWA [30] (open triangles). The
bands of increasing width show estimated theoretical uncer-
tainty at N 4LO (color online: red), N 3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).

see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.

The above error analysis can be carried out for any
observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ! 1 and ! 2 at NLO and higher orders in
the chiral expansion based onR = 0 .9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ± # " (Elab ) and ± # ! (Elab ), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at
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96, 143 and 200 MeV for the di! erent choices of the cuto! :
R1 = 0 .8 fm, R2 = 0 .9 fm, R3 = 1 .0 fm, R4 = 1 .1 fm and
R5 = 1 .2 fm. The horizontal band refers to the result of the
NPWA with the uncertainty estimated as explained in the
text. Also shown are experimental data of Ref. [29].
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Here, Q is the expansion parameter given by
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For the breakdown scale, we use the same values as in
Ref. [1], namely ! b = 600 MeV, 500 MeV and 400 MeV
for R = 0 .8. . . 1.0 fm, R = 1 .1 fm and R = 1 .2 fm, re-
spectively. The theoretical uncertainty at lower orders
is estimated in a similar way as described in detail in
[1]. Fig. 2 shows the resulting predictions for the np
total cross section at di" erent energies and for all cut-
o" choices. First, we observe that the predictions based
on di" erent values of the cuto" R are consistent with
each other with results corresponding to larger values
of R being less accurate due to a larger amount of cut-
o" artefacts. Secondly, our N4LO predictions provide
strong support for the new approach of error estimation.
In particular, the actual size of the N4LO corrections is
in a good agreement with the estimated uncertainty at
N3LO [1]. The somewhat larger N4LO contributions at
the lowest energy is to be expected and can be traced
back to the adopted Þtting strategy in the 1S0 channel,
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FIG. 3: Results for the np S-, P- and D- waves and the
mixing angles ! 1, ! 2 up to N 4LO based on the cuto! of
R = 0 .9 fm in comparison with the NPWA [21] (solid dots)
and the GWU single-energy PWA [30] (open triangles). The
bands of increasing width show estimated theoretical uncer-
tainty at N 4LO (color online: red), N 3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).

see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.

The above error analysis can be carried out for any
observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ! 1 and ! 2 at NLO and higher orders in
the chiral expansion based onR = 0 .9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ± # " (Elab ) and ± # ! (Elab ), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at

R = 0.9 fm NLO N2LO N3LO N4LO

Good convergence of chiral expansion

Excellent agreement with NPWA data

Error bands are consistent with each other            strong support of chiral uncertainty estimation 
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FIG. 4: Predictions for the np di ↵erential cross sectiond! /d ⌦,
the vector analyzing power A, the polarization transfer coe�-
cients D and A and the spin correlation parameters Axx and
Ayy at Elab = 200 MeV calculated up to N 4LO based on the
cuto↵ of R = 0 .9 fm. Open circles refer to the result of the
NPWA [21]. The bands of increasing width show estimated
theoretical uncertainty at N 4LO (color online: red), N 3LO
(color online: blue), N 2LO (color online: green) and NLO
(color online: yellow). For references to data see [1].

Elab = 200 MeV. In all cases, we observe excellent agree-
ment with the PWA and the available experimental data
and conÞrm a good convergence of the chiral expansion.
Furthermore, the N4LO uncertainty bands lie within the
N3LO ones and describe the data. This provides a strong
support for reliability of the proposed approach of error
estimation. Similar conclusions follow from the results
based on di! erent values of the cuto! R which are, how-
ever, less stringent due to lower accuracy of such calcu-
lations.
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Polarization transfer coefÞcients D and A
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Good convergence of chiral expansion

Excellent agreement with experimental data

Error bands are consistent with each other

Similar conclusions for results based on other
cutoffs which are, however, less stringent due
to lower accuracy of such calculations
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Partial wave decomposition
Golak et al. Eur. Phys. J. A 43 (2010) 241
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Faddeev equation is solved in the partial wave basis

can be reduced 
to 5 dim. integral depends on spin & isospin

Too many terms for doing PWD by hand Automatization

~matrix      105 x 105

Numerically expensive due to many channels and 5-dim. 
integration

PWD matrix-elements can be used to produce matrix-elements in harmonic 
oscillator basis

Straightforward implementation of high order 3nfÔs in many-body calc. 
within No-Core Shell Model
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PWD for local forces
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can be reduced 
to 3 dim. integral

Hebeler, HK, Epelbaum, Golak, Skibinski arXiv:1502.02977[nucl-th]

Update on the status of matrix elements talk by Kai Hebeler

Unregularized 3NF matrix elements can be used to generate locally regularized 3NFs
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#
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$

Im VC(q = i µ $ &) = $
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Summary
Chiral NN forces with local regulators are studied up to N4LO

NPWA data used to Þt 27 LECs

Optimized version of PWD for local 3NFÔs 

Satisfactory description of NN observables provides a strong support
for chiral error estimate at Þxed cutoff

Outlook
N4LO !-less/N 3LO-! calc. of shorter range part of 3NF

Generation of matrix-elements for 3NFÔs upto N4LO !-less/N 3LO-!

Due to optimized PWD should not cost much


