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Low-Energy QCD

Nuclear Structure & 
Reaction Observables

NN+3N Interactions from 
Chiral EFT

Similarity Renormalization 
Group

Many-Body Solution via 
NCSM, CC, IM-SRG,...

• initial formulation typically 
limited to bound-state basis 

• description of continuum effects 
and observables not possible 

• improvement: include continuum 
degrees of freedom explicitly 

• here: NCSM with Continuum
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• drastically improves convergence 
but induces many-body forces 

• induced beyond-3N interactions 
are a major limitation for many 
applications 

• improvement: either include or 
suppress induced forces  

• here: Block Generators
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• chiral EFT offers systematics, 
improvability and uncertainty 
estimation 

• typically one "chiral interaction" 
is used in nuclear structure  

• improved chiral EFT interactions 
offer opportunity to quantify 
uncertainties systematically  

• here: initial NCSM studies 
with NN from LO to N4LO

Low-Energy QCD

Nuclear Structure & 
Reaction Observables

NN+3N Interactions from 
Chiral EFT

Similarity Renormalization 
Group

Many-Body Solution via 
NCSM, CC, IM-SRG,...
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resonances 
& scattering states

bound states  
& spectroscopy

NCSM with Continuum
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(IT-)NCSM 
ab initio description of 

nuclear clusters

RGM 
describing relative 
motion of clusters

NCSMC

A-a a

comprehensive ab initio description of light nuclei

focus on NCSMC with 3N interactions  
for p-shell spectroscopy
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NCSMC with 3N Forces

§ representing                           using the over-complete basis
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14 No-Core Shell Model with Continuum

or even scattering states, because they are expanded in a finite HO basis. However, the

weakly-bound or scattering states are well-described by the cluster states adopted from

the NCSM/RGM approach. In this way one obtains a symbiotic basis, where the advan-

tages of both parts remedy the drawbacks of each other. In combination with the R-matrix

theory the NCSMC treats bound- and scattering states on equal footing suitable for the

ab-initio predictions of structural and scattering observables within a unified framework.

So far, the NCSMC has been successfully applied to the unbound 7He nucleus with

NN-only Hamiltonians [50, 49]. In this section, we aim at the application of the NCSMC

formalism including explicit 3N interactions. As demonstrated in the next subsection, the

extension of the NCSM/RGM kernels to include 3N interactions discussed in Section 11

constitutes a major step towards the extension of the NCSMC formalism to 3N interac-

tions. In the next subsection we outline the general formalism of the NCSMC. Afterwards,

we present first results for NCSMC with explicit 3N interactions for the neutron-8Be sys-

tem. The results presented in the following are achieved in collaboration with Petr Navrátil

(TRIMUF).

14.1 Formalism

We start with a brief overview of the NCSMC approach following Ref. [49], where further

details about the formalism for NN interactions can be found. In particular, we highlight

which quantities are affected by the extension of the formalism to 3N interactions.

The ansatz for the eigenstates of the A-body system in the NCSMC formalism reads

|ΨJπT 〉=
∑

λ

cλ |ΨA Eλ J πT 〉+
∑

ν

ˆ

dr r 2χν (r )

r
|ξJπT
νr 〉 , (14.1)

where the first term is a superposition of NCSM eigenstates of the A-body system (cf. Sec-

tion 4.1), and the second term represents the expansion in binary-cluster channel states

analogous to Eq. (11.4). We have dropped the projection quantum numbers M and MT

and the superscript JπT at the relative motion wave function χν (r ) for brevity. Note that

we wrote the expansion in terms of the orthogonalized NCSM/RGM channel states (11.15),

which are related to the non-orthogonalized channel states by

|ξJπT
νr 〉=

∑

ν ′

ˆ

dr ′r ′2#
− 1

2
ν ′ν (r

′,r )%̂ν ′ |Φ JπT
ν ′r ′ 〉 , (14.2)

with the inverse of the square root of the norm kernel as given in Eq. (11.19), and the un-

knowns of this expansion are the coefficients cλ and the relative wave functions χν (r ).

It is evident, that the basis states (14.1) are well-suited to describe bound and scattering

states. The appropriate treatment of correlations of the A-body system, which are prob-

lematic in the NCSM/RGM cluster basis, is accomplished by the NCSM eigenstates. Thus,

if the existence of nucleon sub-clusters is relevant for the description of the A-nucleon sys-

tem this ansatz improves the model-space convergence compared to both, the NCSM and

NCSM/RGM approach.
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H |� J�T i = E |� J�T i

identical to the 
 NCSM/RGM expansion

expansion in A-body 
 (IT-)NCSM eigenstates 

14.1 Formalism

To derive the conditional equations for the coefficients cλ and the relative wave func-

tionsχν (r )we insert ansatz (14.1) in the time-independent Schrödinger equation Ĥ |ΨJ πT 〉=
E |ΨJ πT 〉. In addition, multiplication from the left by another NCSM eigenstate 〈ΨA Eλ′ J πT |
leads to

∑

λ

(HNCSM)λ′λ cλ+
∑

ν

ˆ

dr r 2hλ′ν (r )
χν (r )

r
= E

∑

λ

δλ′λ cλ+
∑

ν

ˆ

dr r 2gλ′ν (r )
χν (r )

r
(14.3)

with the definitions

(HNCSM)λ′λ = 〈ΨA Eλ′ J
πT |Ĥ |ΨA Eλ J πT 〉= Eλδλ′,λ , (14.4)

hλ′ν (r ) = 〈ΨA Eλ′ J
πT |Ĥ |ξJπT

νr 〉 (14.5)

=
∑

ν ′

ˆ

dr ′r ′2〈ΨA Eλ′ J
πT |Ĥ$̂ν ′ |Φ JπT

ν ′r ′ 〉 %
− 1

2
ν ′ν (r

′,r ) , (14.6)

gλ′ν (r ) = 〈ΨA Eλ′ J
πT |ξJπT

νr 〉 (14.7)

=
∑

ν ′

ˆ

dr ′r ′2〈ΨA Eλ′ J
πT |$̂ν ′ |Φ JπT

ν ′r ′ 〉%
− 1

2
ν ′ν (r

′,r ) . (14.8)

In Eqs. (14.6) and (14.8) we have inserted Eq. (14.2) to express the functions hλ′ν (r ) and

gλ′ν (r ) in terms of the non-orthogonalized channel states, because this is more convenient

regarding the implementation. Multiplication from the left by an orthogonalized channel

state 〈ξJπT
ν ′r ′ | leads to

∑

λ

hλν ′ cλ+
∑

ν

ˆ

dr r 2' (r ′,r )
χν (r )

r
= E

∑

λ

gλν ′ (r )cλ+
∑

ν

ˆ

dr r 2δ(r
′ − r )δν ′,ν

r ′r

χν (r )

r
, (14.9)

with

' (r ′,r ) = 〈ξJπT
ν ′r ′ |Ĥ |ξ

JπT
νr 〉

=
∑

γγ′

ˆ

dy y 2
ˆ

dy ′y ′2%
− 1

2
γν ′ (y ,r ′)〈Φ JπT

γy |$̂γĤ$̂γ′ |Φ JπT
γ′y ′ 〉%

− 1
2

y ′ν (y
′,r ) , (14.10)

which is exactly the NCSM/RGM Hamiltonian kernel with respect to the orthogonalized

basis (11.12). The latter contains with 〈Φ JπT
γy |$̂γĤ$̂γ′ |Φ JπT

γ′y ′ 〉 the Hamiltonian kernel for

which we have derived the explicit formulas for the inclusion of 3N interactions and dis-

cussed implementation strategies in Section 11. The remaining quantity that needs to be

generalized to 3N interactions is the coupling form factor hλ′ν (r ) of Eq. (14.6), which has

been completed by Petr Navrátil. With help of above definitions we can cast the NCSMC

Eqs. (14.3) and (14.9) in a more compact form by means of matrix notation

"

HNCSM h

h '

#"

c

χ(r )/r

#

= E

"

1 g

g 1

#"

c

χ(r )/r

#

. (14.11)
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leads to the NCSMC equations

with 3N contributions in
HNCSM

covered by 
(IT-)NCSM

h
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 Hamiltonian kernel

access targets beyond 
4He using uncoupled densities 

and on-the-fly algorithm
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Ab Initio Description of 9Be

§ 9Be is excellent candidate to study 
continuum effects on spectra 

§all excited states are resonances 

§previous NCSM studies with NN interactions 
show clear discrepancies in spectrum:  
3N or continuum effects? 

§ include n-8Be continuum in NCSMC 

§use standard NN+3N Hamiltonian: 
• NN: N3LO, Entem & Machleidt, 500 MeV cutoff 
• 3N: N2LO, Local, 500 MeV cutoff
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8Be

n
8Be

n
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9Be: Convergence of Phase Shifts

§ include 0+, 2+ 
states of 8Be 

§ include 6 negative 
and 4 positive parity 
states of 9Be 

§ negative parity 
phase-shifts are 
well converged, 
positive parity more 
difficult 

§ extract resonance 
parameters from 
inflection point and 
derivative
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9Be: NCSM vs. NCSMC

§ NCSMC shows much better Nmax convergence 

§ NCSM tries to capture continuum effects via large Nmax 

§ drastic difference for the 1/2+ state right at threshold
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9Be: Spectrum

§ continuum plays more important role than chiral 3N interaction 

§ NCSMC predictions for widths are in fair agreement with 
experiment  
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SRG with Block Generators

with  
A. Calci, N. M. Dicaire, C. Omand, P. Navrátil,   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§ consistent unitary transformation of Hamiltonian and observables 

§ evolution equations for Hα and Uα  with continuous flow parameter α 

§ dynamic generator ηα drives towards “diagonal” defined by Gα 

Robert Roth - TU Darmstadt - February 2015

Glazek, Wilson, Wegner, Perry, Bogner, Furnstahl, Hergert, Roth, Navrátil...

Similarity Renormalization Group

13

continuous unitary transformation to  
pre-diagonalize Hamiltonian and thus improve  

model-space convergence

H� = U�
†H U� O� = U�

†O U�

d

d�
H� = [��,H�]

d

d�
O� = [��,O�]

d

d�
U� = �U���

design Gα for optimum 
compromise between convergence & 

induced many-body forces

�� = (2�)2 [G�,H�]



§ standard choice for Gα is intrinsic kinetic energy Tint 

§ drives diagonalization everywhere, also for low-lying basis states 
that are covered explicitly by many-body model space 

§ rule of thumb: the more diagonal the more induced many-body 
interactions 
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Choice of Generator: Tint
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TintH

HO matrix elements, 1S0 channel, ħΩ = 24 MeV

2N
+

L



§HO block generator: use Hα matrix elements for states below Ngen 
and Tint matrix elements above, i.e.,  

with projection operator          on rel. HO states with  

§ generator has explicit scale parameters: Ngen & ħΩ
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Dicaire, Omand, Navrátil; Phys. Rev. C 90, 034302 (2014)

Choice of Generator: Block Generators

15

Tint HO blockH

HO matrix elements, 1S0 channel, ħΩ = 24 MeV

Ngen=10

G� = Tint + �NgenV� �Ngen

�Ngen 2N + L  Ngen

2N
+

L



§Q block generator: use Hα matrix elements for states below Qgen 
and Tint matrix elements above, i.e.,  

with projection operator          on rel. momentum states with  

§ generator has explicit scale parameter: Qgen

Robert Roth - TU Darmstadt - February 2015

Choice of Generator: Block Generators
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Tint Q blockH

momentum-space matrix elements, 1S0 channel

Qgen=2 fm-1

q 
 [

fm
-1

]

G� = Tint + �QgenV� �Qgen

�Qgen q  Qgen
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4He: Convergence vs. Induced Many-Body
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§ α-dependence of 
block generator 
quickly saturates 

§ block protects low-
lying matrix 
elements from 
further change 
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4He: Convergence vs. Induced Many-Body
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§ Ngen controls 
convergence and 
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§ Q-block generator 
exhibits similar 
behaviour 

§ typical Qgen ~ 2 fm-1
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§ efficiency test: dial 

same magnitude of 
induced 3N and 
compare convergence  

§ Q- & HO-block give 
better convergence 
than Tint for same 
induced 3N

● HO-Block

◆ q-Block
▲ Tint

Nmax
0 2 4 6 8 10 12 14 16 18

Static Blocks
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§ using static block 
generators (Gα=G0) 
gives similar results
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HO-block: Ngen = 8, α = 0.0625 fm4         Q-block: Qgen = 2.0 fm-1, α = 0.0625 fm4 

Tint: α = 0.01 fm4
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 SRG Evolution in 3N

§ extension of block generators to SRG evolution in three-body 
space rather straight forward (with static generators) 

§ careful with embedding and generalisation of scale definition 

§ first results for HO-block generator available

 Many-Body Solution
§ any many-body approach will do, i.e., not restricted to Nmax 

truncated NCSM space 

§ first results from In-Medium SRG available 

§ using HF basis and including 3N contributions included in NO2B 
approximation
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induced 4N are small 
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less bound with block 
generator
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§ NN+3Nind agrees well 
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induced 4N are small 
as expected 

§ NN+3Nfull is much 
less bound with block 
generator
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40Ca

NNonly

NN+3Nind

NN+3Nfull

§ NN+3Nind agrees well 
for both generators: 
induced 4N are small 
as expected 

§ NN+3Nfull is much 
less bound with block 
generator

VERY PRELIMINARY chiral NN+3N
Λ3N = 500 MeV
Ngen = 8
α = 0.0625 fm4 

ħΩ = 24 MeV  
HF basis

  ∞  

pattern looks 
very promising

need to study Ngen and 
Qgen dependence and do 

further IT-NCSM runs 
  ∞  
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Improved Chiral NN Interactions

§ family of improved chiral NN interactions from LO to N4LO with 
(semi)local regulators  [talk by Hermann Krebs] 

Epelbaum, Krebs, Meißner, arXiv:1412.0142 & 1412.4623 

§matrix elements of corresponding 3N interactions up to N3LO are 
being generated  [talk by Kai Hebeler] 

§ initial questions from many-body perspective: 
• how do (semi)local regulators affect convergence? 

• what is the order-by-order systematics of observables and convergence? 

• uncertainty estimation from order-by-order at fixed cutoff feasible? 

• do the interactions behave well under SRG transformation?
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LENPIC Collaboration, in prep.

4He: Cutoff Dependence @ N3LO
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LENPIC Collaboration, in prep.

4He: Order-by-Order @ 1.2 fm
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striking order-by-order 
pattern in convergence and 

converged energy

correlated with 
appearance of new 

contacts/LECs
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