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The proton radius puzzle

How big is the proton?

R. Pohl & J. Krauth @ CREMA
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The deuteron radius puzzle

How big is the deuteron?

R. Pohl et al., Science 2016

See Javier Hernandez’s talk at the next session
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The proton radius puzzle
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Ongoing µ-Spectroscopy Experiments

CREMA @ PSI
Extract precise charge radii Rc from Lamb shift (LS) in:

µH (published 2010,2013: proton radius puzzle)
µD (published 2016: deuteron radius puzzle)
µ 4He+ (measured 2014, finalizing: agreement with e−4He ?!)
µ 3He+ (measured 2014, analyzing: ???)
=⇒ radius puzzle(s), QED tests, He isotope shift, nuclear ab initio, ...
µ 3H, µ 6He+, µ 6,7Li+2 ... (possible?)

Extract magnetic radii Rm from Hyper-fine splitting (HFS) in:
µH & µ 3He+ (approved)

FAMU @ RIKEN-RAL / J-PARC

HFS in µH in two new methods (planned)

Precise Rc/Rm from µA LS/HFS

Require accurate theoretical inputs from QED, hadron and nuclear physics
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Lamb shift, charge radius & nuclear TPE

Extract Rc ≡
√
〈r2〉 from Lamb shift measurement

∆E2S−2P = δQED + δsize (Rc) + δZem + δpol
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Lamb shift, charge radius & nuclear TPE

Extract Rc ≡
√
〈r2〉 from Lamb shift measurement

∆E2S−2P = δQED + δsize (Rc) + δZem + δpol

QED corrections:

vacuum polarization
lepton self energy
relativistic recoil effects

Theory of µ-p, D, 3,4He+ reexamined

Martynenko et al. ’07, Borie ’12, Krutov et al. ’15

Karshenboim et al. ’15, Krauth et al. ’15 ...
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Lamb shift, charge radius & nuclear TPE

Extract Rc ≡
√
〈r2〉 from Lamb shift measurement

∆E2S−2P = δQED + δsize (Rc) + δZem + δpol

Nuclear finite-size corrections (elastic):

leading term (OPE): δsize =
m3

r

12 (Zα)4×R2
c

Zemach/Friar term (TPE): δZem = −m
4
r

24 (Zα)5× 〈r3〉(2) ∝ R3
c

can be calculated from g.s. charge distribution,
Friar ’79, Borie ’12(’14), Krutov et al. ’15

extracted from experimental form factors,
Sick ’14

or avoided due to cancellations with δpol
Pachucki ’11 & Friar ’13 (µD)
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Lamb shift, charge radius & nuclear TPE

Extract Rc ≡
√
〈r2〉 from Lamb shift measurement

∆E2S−2P = δQED + δsize (Rc) + δZem + δpol

Nuclear polarization corrections (inelastic TPE):

least well-known

related to nuclear response functions:
SO(ω) =

∑∫ |〈ψf |Ô|ψ0〉|2δ(Ef − E0 − ω)

can be calculated (continuum few-body problem)
or extracted from data (very imprecise)

sometimes rewritten as:
δTPE ≡ δZem + δpol

lepton

Nucleus
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Lamb shift, charge radius & nuclear TPE

The accuracy of Rc is limited by δTPE

Example — µD:

J. Krauth et al. (CREMA), Ann. Phys. (2016); R. Pohl et al. (CREMA), Science 2016

Status — prior to µ3,4He+ measurements:

Uncertainty in δpol: ∼ 20%
Required: ∼ 5%
(to determine Rc with ∼ 10−4 accuracy)
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Calculation Methods

We have performed the first ab-initio calculation of δZem and δpol for A = 3, 4

we used state-of-the-art nuclear forces

(at the time...)

AV18+UIX

χEFT: N3LO (Entem & Machleidt) + N2LO (Navrátil)

=⇒ estimate nuclear physics uncertainty

we employ established few-body methods

EIHH: Effective interaction Hyperspherical Harmonics (bound method)

LIT: Lorentz Integral Transform (continuum method)

LSR: A new method based on the Lanczos algorithm
NND et al., Phys. Rev. C (2014)

Nir Nevo Dinur (TRIUMF) Improved nuclear structure corrections for spectroscopy of muonic atoms Feb. 28 2017 7 / 27



Calculation Methods

We have performed the first ab-initio calculation of δZem and δpol for A = 3, 4

we used state-of-the-art nuclear forces (at the time...)

AV18+UIX

χEFT: N3LO (Entem & Machleidt) + N2LO (Navrátil)
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Nuclear potentials: 4He Photoabsorption

electric dipole photoabsorption cross section σγ(ω) = 4π2αωSD1(ω)
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AV18+UIX (2006)
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Shima et al. (2005)

Nakayama et al. (2007)

Nilsson et al. (2005)

Tornow et al. (2012)

Arkatov et al. (1979)
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Nuclear polarization: basic idea

Hamiltonian for muonic atoms

H = Hnucl +Hµ + ∆H

Hµ =
p2

2mr
− Zα

r

Corrections to the point Coulomb from protons

∆H = α
Z∑
i

(
1

r
− 1

|r −Ri|

)

p n

p

Ri r

n

µ

4He

Evaluate inelastic effects of ∆H on muonic spectrum

in 2nd-order perturbation theory

δpol =
∑

N 6=N0,µ

〈N0µ0|∆H|Nµ〉
1

EN0 − EN + εµ0 − εµ
〈Nµ|∆H|µ0N0〉

|µ0〉: muon wave function for 2S/2P state
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Nuclear polarization: contributions

Systematic contributions to nuclear polarization

δNR Non-Relativistic limit

δL + δT Longitudinal and Transverse relativistic corrections

δC Coulomb distortions

δNS Corrections from finite Nucleon Size
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Non-relativistic limit

Neglect Coulomb interactions in the intermediate state

Expand muon matrix element in powers of

η ≡
√

2mrω|R−R′|

lepton

Nucleus

|R−R′| =⇒ “virtual” distance the proton travels in 2γ exchange

uncertainty principal |R−R′| ∼ 1/
√

2mNω

η ∼
√

mr

mN
≈ 0.3

PNR(ω,R,R′) ' m3
r(Zα)5

12

√
2mr

ω

[
|R−R′|2 −

√
2mrω

4
|R−R′|3 +

mrω

10
|R−R′|4

]

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR ∼ η2 + η3 + η4
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NR limit at LO: δ
(0)
NR

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR

δ
(0)
NR ∝ η2

δ
(0)
D1 = −2πm3

r

9
(Zα)5

∫ ∞
ωth

dω

√
2mr

ω
SD1(ω)

SD1
(ω) =⇒ electric dipole response function [ D̂1 = RY1(R̂) ]

δ
(0)
D1 is the dominant contribution to δpol

=⇒ Rel. and Coulomb corrections added at this order
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NR limit at NLO: δ
(1)
NR

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR

δ
(1)
NR ∝ η3

δ
(1)
NR = δ

(1)
R3pp + δ

(1)
Z3

δ
(1)
R3pp = −m

4
r

24
(Zα)5

∫∫
dRdR′|R−R′|3〈N0|ρ̂†(R)ρ̂(R′)|N0〉

δ
(1)
Z3 =

m4
r

24
(Zα)5

∫∫
dRdR′|R−R′|3ρ0(R)ρ0(R′)

=
m4

r

24
(Zα)5〈r3〉(2)

δ
(1)
R3pp ⇒ 3rd-order proton-proton correlation

δ
(1)
Z3 =⇒ 3rd Zemach moment

cancels elastic Zemach moment of finite-size corrections

c.f. Pachucki ’11 & Friar ’13 (µD)

=⇒ δTPE ≡ |δZem + δpol|

Nir Nevo Dinur (TRIUMF) Improved nuclear structure corrections for spectroscopy of muonic atoms Feb. 28 2017 13 / 27



NR limit at NLO: δ
(1)
NR

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR

δ
(1)
NR ∝ η3

δ
(1)
NR = δ

(1)
R3pp + δ

(1)
Z3

δ
(1)
R3pp = −m

4
r

24
(Zα)5

∫∫
dRdR′|R−R′|3〈N0|ρ̂†(R)ρ̂(R′)|N0〉

δ
(1)
Z3 =

m4
r

24
(Zα)5

∫∫
dRdR′|R−R′|3ρ0(R)ρ0(R′) =

m4
r

24
(Zα)5〈r3〉(2)

δ
(1)
R3pp ⇒ 3rd-order proton-proton correlation

δ
(1)
Z3 =⇒ 3rd Zemach moment

cancels elastic Zemach moment of finite-size corrections

c.f. Pachucki ’11 & Friar ’13 (µD) =⇒ δTPE ≡ |δZem + δpol|
Nir Nevo Dinur (TRIUMF) Improved nuclear structure corrections for spectroscopy of muonic atoms Feb. 28 2017 13 / 27



Results: A = 3

Drop Times 
(Seconds)

OBJECT A OBJECT B

-6.48 -6.63

0.23 0.24

-0.10 -0.11

1.00 1.02

0.08 0.05

-8.54 -8.71

8.10 8.33

0.63 0.65

1.02 1.04

-0.84 -0.86

-1.29 -1.31

2.26 2.29

-0.18 -0.19

-4.11 -4.20

-10.36 -10.62

-14.47 -14.82

-15.0 -12.0 -9.0 -6.0 -3.0 0 3.0 6.0 9.0

meV

Table 6

OBJECT C OBJECT D

-0.77 -0.78

0.03 0.03

-0.01 -0.01

0.07 0.07

0.01 0.01

0.00 0.00

0.18 0.18

0.02 0.02

0.03 0.04

-0.08 -0.08

0.03 0.03

0.05 0.05

-0.03 -0.03

-0.47 -0.48

-0.22 -0.23

-0.69 -0.71

�(0)T

�(0)C

�(0)M

�(1)R3

�(1)Z3

�(2)R2

�(2)Q

�(2)D1D3

�(1)R1

�(1)Z1

�(2)NS

�A
pol

�AZem
�ATPE

�(0)D1

�(0)L

AV18/UIX
�EFT

3He 3H

-0.8 -0.6 -0.4 -0.2 0 0.2
meVNND et al., Phys. Lett. B (2016)
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Uncertainty estimates
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Dispersion-relations calculation
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Dispersion-relations calculation
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Summary of results: 2 6 A 6 4

System Our Ref. Unc. Experimental Status

µ 2H Phys. Lett. B ’14 1% → 1.3% published Science ’16

µ 4He+ Phys. Rev. Lett. ’13 20% → 6% measured, unpublished

µ 3He+
}

Phys. Lett. B ’16
20% → 4% measured, unpublished

µ 3H 4% measurable?

Our results agree with other values and are more accurate

⇒ Unc. comparable with ∼ 5% experimental needs
⇒ Will improve precision of Rc from Lamb shifts
⇒ May help shed light on the “proton (deuteron) radius puzzle”
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Work in progress

The work is not completed yet ...
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Uncertainty estimates
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Finite nucleon-size corrections in coordinate-space

1. Replace point-nucleon limit

with a convolution of nucleon charge densities

∆H =
Zα

r
− α

Z∑
i

1

|r −Ri|

=⇒ Zα

r
− α

A∑
i

∫
dR′ ni(R

′ −Ri)

|r −R′|

2. Fourier transform to their electric form-factors in the low-q2 approximation

GE
p/n(q2) ' GE

p/n(0)−
〈r2ch〉p/n

6
q2

3. Then substitute

q2 → ∇2
R
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Calculating Zemach moments

In momentum-space

〈r3〉(2) =
48

π

∫ ∞
0

dq

q4
[
F 2
E(q2)− 1 +

(qR)2

3

]
In coordinate-space

(Hybrid method)

〈r3〉(2) =

∫∫
dRdR′ρ0(R)ρ0(R

′)|R−R′|3

=
2

π

∫
dq q F 2

E(q2)

∫
dRsin(qR)|R|4

where in practice

ρ0(R) = ρpointch (R) =

∫
dq

2π3
eiq·RF point

E (q2)

but F full
E (q2) =

1

Z

∑
i=p,n

F pointi (q2) ·GEi (q2)
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Calculating Zemach moments - Results

Using AV18+UIX Nuclear interaction and Kelly parameterization for the nucleon form-factors:
(brackets show only uncertainties due to the method and Kmax convergence)

Nucleons Method 3He 3H

Low-q2 momentum - -

Low-q2 coordinate 27.18(5) 18.86(0)

Full momentum 27.58(15) 19.27(9)

Full coordinate 27.65(5) 19.30(0)

Exp. [Sick ’14] SOG 28.15(70) -

Nir Nevo Dinur (TRIUMF) Improved nuclear structure corrections for spectroscopy of muonic atoms Feb. 28 2017 22 / 27



Calculating Zemach moments - 3He Benchmark

Using AV18+UIX Nuclear interaction and Kelly parameterization for the nucleon form-factors:
(Calculations in non-rel. impulse approximation, i.e., w/o MECs, Darwin-Foldy, etc.
Values in fmn)

Ab-initio Method Algorithm Rch 〈R3〉(2) 〈R4〉

GFMC mom. 1.954(3) 27.90(20) 35.1(4)

HH-momentum mom. 1.953(1) 27.56(20) 32.5(1.3)

EIHH (coor.) mom. 1.953(7) 27.58(15) 33.8(5)

coor. 1.953(3) 27.65(05) 34.1(2)

Exp. [Sick ’14] SOG 1.973(14) 28.15(70) 32.9(1.60)

In collaboration with Saori Pastore, Maria Piarulli, and Bob Wiringa

Nir Nevo Dinur (TRIUMF) Improved nuclear structure corrections for spectroscopy of muonic atoms Feb. 28 2017 23 / 27



Questions Remain

1. Can we improve the multipole (η) expansion of δpol?

2. Can we improve the nucleon-size treatment of δpol?

Answer(s):

Yes!

1. There is an alternative (η-less) derivation which leads to a new multipole expansion.

2. This derivation allows including the full form-factors.
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η-less derivation

Non-Rel. point-nucleon case

δpol = c0
∑
`

∫
dqI`(q) (integrated numerically)

I`(q) =

∫
dω

R`(q, ω)

q2(q2 + 2mrω)

R`(q, ω) =
∑
N 6=N0

∣∣∣〈N0||Ĵ`(qR)||N〉
∣∣∣ δ(ω − ωN )

Ĵ`(qR) =

Z∑
i

j`(qR)Y`(R̂)
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η-less derivation

Including nucleon form-factors

R` =⇒
∑
i

Ri` ·GEi

Ĵ` =⇒
∑
i

Ĵ i`

i = p/n
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point-nucleon η-less results

I`(q) (µD)
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point-nucleon η-less results

δ` (µD)
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point-nucleon η-less results

I`(q) (µD)

0 100 200 300 400 500 600 700 800

q [MeV]

10-8

10-7

10-6

10-5

10-4

10-3

10-2

[ C
0∫ R

`(
q,
ω
)d
ω

q2
(
q2 2m

r
+
ω
)

]
L=0 D
L=1 D
L=2 D
L=3 D
L=4 D
L=5 D

Nir Nevo Dinur (TRIUMF) Improved nuclear structure corrections for spectroscopy of muonic atoms Feb. 28 2017 26 / 27



point-nucleon η-less results

I`(q) (µ
3He+)
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Summary & Outlook

We will continue to improve the nuclear corrections,
which are the bottleneck for LS measured in µA, 2 6 A 6 4
by

Improving the treatment of nucleon-sizes in δZem and δpol
Using the η-less multipole expansion
Including ISB, MECs, etc.

and in the future

Quantify & reduce nuclear uncertainty
See Javier Hernandez’s talk at the next session for A = 2
Use novel nuclear potentials
Extend to LS in A > 6, HFS in A = 3, ...
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Canada’s national laboratory
for particle and nuclear physics
and accelerator-based science

Thank you!
Merci!
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