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The proton radius puzzle

How big is the proton?

New H/D results:
rp = 0.8335(95) fm (Garching, 2S-4P)
rp = 0.877(13) fm (Paris, 1S3S)

R. Pohl & J. Krauth @ CREMA

Nir Nevo Dinur (TRIUMF) Lanczos sum rules TRIUMF, 2.28.18 2 / 30



The proton radius puzzle

How big is the proton?

New H/D results:
rp = 0.8335(95) fm (Garching, 2S-4P)
rp = 0.877(13) fm (Paris, 1S3S)

R. Pohl & J. Krauth @ CREMA

Nir Nevo Dinur (TRIUMF) Lanczos sum rules TRIUMF, 2.28.18 2 / 30



The proton radius puzzle

Nir Nevo Dinur (TRIUMF) Lanczos sum rules TRIUMF, 2.28.18 3 / 30



Summary of our results
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Summary of our results

System Our Ref. Unc. Experimental Status

µ 2H Phys. Lett. B ’14, ’18 1% → 1.3% published Science ’16

µ 4He+ Phys. Rev. Lett. ’13 20% → 6% measured, unpublished

µ 3He+
}

Phys. Lett. B ’16
20% → 4% measured, unpublished

µ 3H 4% measurable?

Our results agree with other values and are more accurate

⇒ Unc. comparable with ∼ 5% experimental needs
⇒ Will improve precision of Rc from Lamb shifts
⇒ May help shed light on the “proton (deuteron) radius puzzle”
⇒ ... and on the 3,4He “isotope-shift puzzle”
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He isotope shift puzzle

1.00 1.02 1.04 1.06 1.08 1.10
r2 [ 3He - 4He ]  [fm2]

23S-23P IS 
 Shiner et al. (1995)

23S-2S IS 
 Rooji et al. (2011)

23S-23P IS 
 Cancio Pastor et al. (2012)

23S-23P IS 
 Zheng et al. (2018)

µHe precision: ∼ 0.03 fm2

Chen Ji, NND et al., in prep.
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Future experiments

...
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Dynamical (polarization) contributions to δTPE

δTPE =
∑
a

Ia =
∑
a

∫
dω Sa(ω) ga(ω)

SÔ(ω) =
∑∫
|〈f |Ô|i〉|2δ(ωf − ω) =⇒ I = 〈i|Ô† g(Ĥ) Ô|i〉

The leading polarization contribution relates to the dipole response

δ
(0)
D1 ∝

∫ ∞
ωth

dω SD1
(ω) ω−1/2

SD1
(ω) is the electric dipole response function [ D̂1 = RY1(R̂) ]

⇒ can be extracted from data (very imprecise)
⇒ or calculated (continuum few-body problem)
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|〈f |Ô|i〉|2δ(ωf − ω) =⇒ I = 〈i|Ô† g(Ĥ) Ô|i〉
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Extract δTPE from data: 4He Photoabsorption

electric dipole photoabsorption cross section σγ(ω) = 4π2αωSD1(ω)
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The LIT method (Lorentz Integral Transform)

Calculating SO(ω) =
∑∫ |〈f |Ô|i〉|2δ(ωf − ω) using LIT

L(σ) =

∫
dω

S(ω)

(ω − σr)2 + σ2i
, σi ≡ Im(σ) > 0

=
∑∫

df
|〈f |Ô|i〉|2

(ωf − σ)(ωf − σ∗)
= 〈i|Ô†(H − σ)−1(H − σ∗)−1Ô|i〉

= 〈ψ̃|ψ̃〉 , |ψ̃〉 ≡ (H − σ∗)−1Ô|i〉 =⇒ (H − σ∗)|ψ̃〉 = Ô|i〉

Schrödinger-like equation with a local source term
(and only the trivial solution to the homogeneous Eq.)

⇒ Can be solved using any bound-state method

V.D. Efros et al., PLB’94; JPG’07
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= 〈i|Ô†(H − σ)−1(H − σ∗)−1Ô|i〉
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The LIT method (Lorentz Integral Transform)

Calculating SO(ω) =
∑∫ |〈f |Ô|i〉|2δ(ωf − ω) using LIT

1. Solve (H − σ∗)|ψ̃〉 = Ô|i〉 using a bound-state basis to obtain Lcalc(σ) = 〈ψ̃|ψ̃〉

2. Invert Lcalc(σ) =
∫
dω S(ω)

(ω−σr)2+σ2
i

using the common ansatz

SN (ω) =

N∑
n

cnφn(α) =⇒ ||Lcalc(σ)− LN (σ)|| < ε

Obtaining a good inversion can be tricky, especially when Lcalc(σ) is noisy

This method is not sensitive to a specific energy-range of Lcalc(σ)− LN (σ)

Small σi is needed to resolve fine details of S(ω) =⇒ Harder to converge Lcalc(σ)

Larger σi improves the tail of S(ω) ...

Efros et al., JPG’07; Barnea FBS’10; Orlandini et al., FBS’17
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The LIT method (Lorentz Integral Transform)

The LIT method was applied to electroweak reactions,
where the LIT equations were solved with:

HH: Hyperspherical Harmonics (Jacobi coor., A 6 4)

EIHH (Jacobi coor., A 6 7)

NCSM (Jacobi coor., A = 4)

(Efros et al., JPG’07; Leidemann & Orlandini PPNP’13; Bacca & Pastore JPG’14)

It was recently used extensively also with the coupled-cluster method
(Bacca et al., PRL’13, ...)

Nir Nevo Dinur (TRIUMF) Lanczos sum rules TRIUMF, 2.28.18 12 / 30



The LIT method (Lorentz Integral Transform)

The LIT method was applied to electroweak reactions,
where the LIT equations were solved with:

HH: Hyperspherical Harmonics (Jacobi coor., A 6 4)

EIHH (Jacobi coor., A 6 7)

NCSM (Jacobi coor., A = 4)

(Efros et al., JPG’07; Leidemann & Orlandini PPNP’13; Bacca & Pastore JPG’14)

It was recently used extensively also with the coupled-cluster method
(Bacca et al., PRL’13, ...)

Nir Nevo Dinur (TRIUMF) Lanczos sum rules TRIUMF, 2.28.18 12 / 30



Exclusive LIT and related applications

LIT can also be used for exclusive reactions.
The exclusive LIT equation is:

(H − σ∗)|ψ̃f 〉 = V̂f |φf 〉

This allows many other applications:

1. Radiative capture (by exchanging i↔ f in exclusive photodisintegration)

2. Semi-inclusive (e, e′N) using the “spectral function approximation ”
(demonstrated by Efros et al., PRC’98)

3. Astrophysical S-factors (demonstrated by S. Deflorian et al., FBS’17)

4. Hadron scattering (suggested by V.D. Efros, PAN’99, PIC’17)

5. Glauber approximation (suggested by V.D. Efros et al., JPG’07)
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LIT calculations: 4He Photoabsorption

electric dipole photoabsorption cross section σγ(ω) = 4π2αωSD1(ω)
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Calculate sum rules

The work is not completed yet ...
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Calculate many sum rules (and channels)

Drop Times 
(Seconds)

OBJECT A OBJECT B

-6.48 -6.63

0.23 0.24

-0.10 -0.11

1.00 1.02

0.08 0.05

-8.54 -8.71

8.10 8.33

0.63 0.65

1.02 1.04

-0.84 -0.86

-1.29 -1.31

2.26 2.29

-0.18 -0.19

-4.11 -4.20

-10.36 -10.62

-14.47 -14.82

-15.0 -12.0 -9.0 -6.0 -3.0 0 3.0 6.0 9.0

meV

Table 6

OBJECT C OBJECT D

-0.77 -0.78

0.03 0.03

-0.01 -0.01

0.07 0.07

0.01 0.01

0.00 0.00

0.18 0.18

0.02 0.02

0.03 0.04

-0.08 -0.08

0.03 0.03

0.05 0.05

-0.03 -0.03

-0.47 -0.48

-0.22 -0.23

-0.69 -0.71

�(0)T

�(0)C

�(0)M

�(1)R3

�(1)Z3

�(2)R2

�(2)Q

�(2)D1D3

�(1)R1

�(1)Z1

�(2)NS

�A
pol

�AZem
�ATPE

�(0)D1

�(0)L

AV18/UIX
�EFT

3He 3H

-0.8 -0.6 -0.4 -0.2 0 0.2
meVNND et al., Phys. Lett. B (2016)
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LSR: Lanczos sum rule method

δTPE =
∑
a

Ia =
∑
a

∫
dω Sa (ω) ga (ω)

Problems:

1. We need to know S(ω) with good resolution over wide range of energies

2. We need to extrapolate S(ω)g(ω) to ω →∞.
The difficulty depends on g(ω) (and Ô)

Sum rules are of general interest

1. Comparison with experiments

2. Checking analytic or assumed relations

3. Observables of interest (αD ↔ Rch ↔ Rn −Rp ↔ L (SymmetryEnergy))
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LSR: Lanczos sum rule method

δTPE =
∑
a

Ia =
∑
a

∫
dω Sa (ω) ga (ω)

A model-space of size M is used to calculate the LIT of S (ω)

L(σ) =
σi
π

∫
dω

S(ω)

(ω − σr)2 + σ2i
, σi ≡ Im(σ) > 0

LM (σ) =
σi
π

M∑
µ

|〈µ|Ô|i〉|2

(ωµ − σr)2 + σ2i

⇒ |L(σ)− LM (σ)| ≤ εM

smaller σi ⇒ better resolution, slower convergence
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LSR: Lanczos sum rule method

The analogous IM is not guaranteed to converge as LM .

Let us assume

g (ω) =
σi
π

∫
dσr

h(σ)

(ω − σr)2 + σ2i

I =

∫
dω

∫
dσr S (ω)

σi
π

h(σ)

(ω − σr)2 + σ2i

=

∫
dσr L(σ)h(σ)

|I − IM | ≤ εM

∫
dσr |h(σ)|

Formally :

h(σ) =
1

2π

∫
dk eσi|k|g̃(k)e−ikσr

Efros, Phys. At. Nucl. (1999)
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LSR: Lanczos sum rule method

The applicability depends on the form of g (ω). For example:

g (ω) =
β

π

1

(ω − ω0)2 + β2
−−−→
β→0

δ(ω − ω0),

h(σ) =
β − σi
π

1

(σr − ω0)2 + (β − σi)2
, only for β > σi > 0

⇒ If g(ω) has narrow features, σi needs to be small ⇒ harder to converge

The LSR method uses Lanczos to obtain IM

(NND et al., PRC’14)

1. without solving S(ω)

2. efficiently and accurately

3. with rapid convergence
(generalizes similar methods as in:
Haxton et al., PRC’05; Gazit et al., PRC’06; Stetcu et al., PLB’08, PRC’09)
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LSR: Lanczos sum rule method

For example, for the dipole response, calculated with M ∼ 105, we get

NND, Barnea, Ji, and Bacca, PRC (2014)
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SA-NCSM-HH-LSR Benchmark
4He: Jπ = 0+

N3LO, JISP16
Quadrupole (E2): IS+IV
→ Dipole (E1) & Isoscalar Monopole (E0)
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Preliminary Results: 4He

G.S. energy (Ei) converged
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Preliminary Results: 4He

Total quadrupole strength (I0(E2)) converged
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Preliminary Results: 4He

Removal of CM from quadrupole strength (I0(E2))
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Preliminary Results: 4He

Removal of CM from quadrupole EWSR (I1(E2))
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Preliminary Results: 4He

Removal of CM from dipole EWSR (I1(E1))
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Preliminary Results: 4He

Removal of CM from ISM EWSR (I1(E0))
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Preliminary Results: 4He

Removal of CM from quadrupole LIT (LE0(σ))
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Summary

Precise nuclear calculations are crucial in many high-profile efforts, e.g. ν-less ββ decay;
searches for EDMs; etc. Particularly, they are the bottleneck in µA spectroscopy.

The LIT & LSR methods are crucial for ab-initio calculations needed for such efforts.
They can be used with any bound-state method to obtain dynamical nuclear observables.
However, the applicability is not guaranteed.
They were used successfully with HH and NCSM in intrinsic Jacobi coordinates, and with

Coupled-Cluster, for calculations of 3,4He, 16,22O, 40,48Ca...
Many applications have yet to be exhausted (Sonia and Gaute’s talks).

We used the LSR method to calculate the corrections for µA spectroscopy,
and proved its applicability using LIT.

Here we use the LIT & LSR with (SA)NCSM in the lab frame,
demonstrate how the CM can be easily removed,
and benchmark with HH.

The use of SA-NCSM will allow high-Nmax calculations of dynamical nuclear observables in
open-shell nuclei, including for µA where 6 6 A.
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Preliminary Results: 4He

Removal of CM from quadrupole EWSR (I1(E2))
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Nuclear polarization: basic idea

Hamiltonian for muonic atoms

H = Hnucl +Hµ + ∆H

Hµ =
p2

2mr
− Zα

r

Corrections to the point Coulomb from protons

∆H = α
Z∑
i

(
1

r
− 1

|r −Ri|

)

p n

p

Ri r

n

µ

4He

Evaluate inelastic effects of ∆H on muonic spectrum

in 2nd-order perturbation theory

δpol =
∑

N 6=N0,µ

〈N0µ0|∆H|Nµ〉
1

EN0 − EN + εµ0 − εµ
〈Nµ|∆H|µ0N0〉

|µ0〉: muon wave function for 2S/2P state
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Nuclear polarization: contributions

Systematic contributions to nuclear polarization

δNR Non-Relativistic limit

δL + δT Longitudinal and Transverse relativistic corrections

δC Coulomb distortions

δNS Corrections from finite Nucleon Size

Thank you! Merci! 4 / 9



Non-relativistic limit

Neglect Coulomb interactions in the intermediate state

Expand muon matrix element in powers of

η ≡
√

2mrω|R−R′|

lepton

Nucleus

|R−R′| =⇒ “virtual” distance the proton travels in 2γ exchange

uncertainty principal |R−R′| ∼ 1/
√

2mNω

η ∼
√

mr

mN
≈ 0.3

PNR(ω,R,R′) ' m3
r(Zα)5

12

√
2mr

ω

[
|R−R′|2 −

√
2mrω

4
|R−R′|3 +

mrω

10
|R−R′|4

]

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR ∼ η2 + η3 + η4
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NR limit at LO: δ
(0)
NR

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR

δ
(0)
NR ∝ η2

δ
(0)
D1 = −2πm3

r

9
(Zα)5

∫ ∞
ωth

dω

√
2mr

ω
SD1(ω)

SD1
(ω) =⇒ electric dipole response function [ D̂1 = RY1(R̂) ]

δ
(0)
D1 is the dominant contribution to δpol

=⇒ Rel. and Coulomb corrections added at this order
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NR limit at NLO: δ
(1)
NR

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR

δ
(1)
NR ∝ η3

δ
(1)
NR = δ

(1)
R3pp + δ

(1)
Z3

δ
(1)
R3pp = −m

4
r

24
(Zα)5

∫∫
dRdR′|R−R′|3〈N0|ρ̂†(R)ρ̂(R′)|N0〉

δ
(1)
Z3 =

m4
r

24
(Zα)5

∫∫
dRdR′|R−R′|3ρ0(R)ρ0(R′)

=
m4

r

24
(Zα)5〈r3〉(2)

δ
(1)
R3pp ⇒ 3rd-order proton-proton correlation

δ
(1)
Z3 =⇒ 3rd Zemach moment

cancels elastic Zemach moment of finite-size corrections

c.f. Pachucki ’11 & Friar ’13 (µD)

=⇒ δTPE ≡ |δZem + δpol|
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NR limit at N2LO: δ
(2)
NR

δNR = δ
(0)
NR + δ

(1)
NR + δ

(2)
NR

δ
(2)
NR ∝ η4

δ
(2)
NR =

m5
r

18
(Zα)5

∫ ∞
ωth

dω

√
ω

2mr

[
SR2(ω) +

16π

25
SQ(ω) +

16π

5
SD1D3(ω)

]
SR2(ω) =⇒ monopole response function

SQ(ω) =⇒ quadrupole response function

SD1D3
(ω) =⇒ interference between D1 and D3 [ D̂3 = R3Y1(R̂) ]
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Uncertainty estimates
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