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k
General EFT series for observable to order k: X = X, Z c; "
i=0
Ar=Xo ci+1 xk*! (first omitted term approximation)

Want conditional probability: pr(ck+i|co,...,Ckl)
|=information about yEFT, e.g. naturalness

Prior distribution: pr(ck+1|l) is updated using data: co, ci, ..., Ck
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Furnstahl, Klco, DP, Wesolowski, PRC, 2015 after Cacciari and Houdeau, JHIEP, 2011

k
General EFT series for observable to order k: X = X, Z c; "

i=0
Ar=Xo ci+1 xk*! (first omitted term approximation)

Want conditional probability: pr(ck+i|co,...,Ckl)
|=information about yEFT, e.g. naturalness

Prior distribution: pr(ck+1|l) is updated using data: co, ci, ..., Ck
Bayesian model:
One parameter cbar sets

size of all dimensionless
coefficients

Extracted



WHAT DOES NATURAL MEAN TO YOU?

Choose a prior to get started:

“Set A”: coefficients are uniformly distributed up to maximum,
maximum distributed uniformly in its logarithm. € =0+ at end

G o 2%9(5— SR E 2ln1(€)69 (1 3 5) B 5)

€

“Set C”: coefficients are normally distributed, with mean 0 and
standard deviation cbar. cbar is distributed uniformly in its logarithm
between some minimum and maximum values.

pr(ca|6) = —A—e~/?%; pr(e) o« 16(c — e<)b(e> — ©)

Notes:

Need to fix Xo and breakdown scale to get c,’s from EFT calculation

Just need prior to get started: will show prior dependence goes away
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REQUIELS IR SE A PRICIRG

Bayes theorem
pr(c()a Cly.e ey Ck‘é)pr(é)
pr(co, Cly-- -, Ck)

= Npr(e)IT,_opr(ca )

PE(ECgier it Cn i —




RESULTS FOR SET A PRIORS |

Bayes theorem
pr(COa Cly.e ey Ck‘é)pr((_:)
pI’(Co, Cly,---, Ck)

= /\/‘pf(é)leZ:opr(Cn ‘E)

PE(ECgier it Cn i —

Marginalization:

o
pr(cisaleosers- ) = [ depr(ennlopr@eosers. )
0



REQUIELS IR SE A PRICIRG

Bayes theorem
pr(c()a Cly.e ey Ck‘é)pr((_:)
pr(607 Cly-- -, Ck)

= Npr(E)Hﬁ:opr(Cn ‘E)

PE(ECgier it Cn i —

Marginalization:
O
pr(ck—l—l |C()7 C1,--- 7Ck) I / dépr(ck+1‘é)pr(é|007 C1,--- Ck)
0
This is generic, but the integrals are simple for “Set A” (uniform) prior

pr(ck+1|607cla e Say Ck) X { (

k+2
Cmax 3
m) L O S
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pr(Ak) & Xo xX<*! pr(ck+1)

68%, 957% DOB intervals from integration of probability distribution

pr(A0 I co) pr(A2 I Cor €1 cz) pr(A " I Cy» €3 Cp €y C 4)

e
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RESIIL T PO yE U FRICIES

pr(Ak) o Xo xk*! pr(ck+1)

68%, 957% DOB intervals from integration of probability distribution

pr(A0 I co) pr(A2 I Cor €1 cz) pr(A " I Cy» €3 Cp €y C 4)

0.8 1~

: ‘

| 1['1':_14'4‘L1'lll|111l i P LSS0 L] (S T i I Wy ety i

N 1ol xs [ | bt Lot 1 S VI P S [ Y
-1.000 -0.500 0.000 0.500 1.000 -0.100 -0.050 0.000 0.050 0.100 -0.010 -0.005 0.000 0.005 o0.010

A, A, A,

Main feature is reduction by factor of x for each order; but tails also
become steeper as more information on coefficients acquired

Not Gaussian!
|
fem )

[-Crmax Xo X<+ cmax Xo xk*1] is a +* 100% DoB interval




NORMAL NATURALNESS

©.@)
PT(Ck+1|Co,C1,---,Ck):/ depr(ck1/c)pr(cico, c1, - - - k)
0

S ite Ck+1 D
pr(ck_|_1|C0, CIs o Ck) —= /O 5k+3 €eXP ( 252 ) exXp ( 252




NORMAL NATURALNESS

Marginalization:
o
PI‘(Ck+1|Co,C1,--->Ck):/ depr(ck+1]c)pr(cico, e, - - - ck)
0

For “Set C” (Gaussian) priors:
SHTIIG Chi1 (k + 1){c?)
pr(cg+1/co, €1y -+, Ck) = /o k13 eXp ( 952 ) €Xp ( 92

Student’s t-distribution results:
42
1

Hew (( (k +1)(c?) )“f”)“

[ (5T) \ G+ D) +

2

pr(ck-l-l‘c()? C1,--- 7Ck) X

DoB intervals computed using known results for this distribution.
Size of error bar set by <c2>, xk*!I (i.e. Qk*1), and Xo.



ININESCAFFERING WV IERESEMIELLGOCAIZ RORENFIALS

Epelbaum, Krebs, Meissner, PRC, 2015

vEFT: 2(N,11) = V00—

k n
Onp(Elab) — O0LO Z Cn(prel) (Zj{:l>

n=0

s Prel
Ay



NNESCARFERING AWVITERESERIE L GOCAIZ RO RENFIALS

Epelbaum, Krebs, Meissner, PRC, 2015

yEFT: Z(N,)=> VK —4

NN cross section at T1,,=50,

k n
96, 143,200 MeV Drel
Unp(Elab) — O0LO Z Cn (prel) j{e
: z7 b
Potential regulated by local o
function, parameterized by R T
oce
EKM identify Ay=600 MeV
for smaller R values
1{9 LO I I IR R | I | A I L I B I [ | —‘I LA )
T @ NLO Grc =0 R=09fm |
Here: R=0.9 fm data " e o L0 A =600MeV | Pre
200 MeV |, 3 A o v B 1307 MeV
Results at LO, NLO, N2LO, 43MeVria N'o w4 e G
N3LO. N4LO (k:O 2.3.4 5) 96 MeV ® & Ev 1212 MeV
50 MeV & © 6 v <4153 MeV
llIllllIl llIllll 1 I | lIllllllll Illll

-25 -2 -15 -1 <05 0 05 1 15 2 25

"
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RESULTS
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CAVEAIS

Naturalness of ¢i's in x-expansion for NN cross section assumed.
Justified for perturbative process; not so clear why this should be

so for NN

mn not included in x: fine at these energies

We took EKM’s LECs as given. LECs themselves have statistical
errors, but we did not incorporate those in this analysis

Sarah’s talk
LEC:s also have truncation errors, which should be included in their

quoted errors Sarah’s talk
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THEWELL-CALIBRATED EFTER

Melendez, Furnstahl, Wesolowski, PR(, 2017

Accuracy of three weather forecasting services after Furnstahl, Klco, DP, Wesolowski, PRC, 2015
100% - © after: Bagnaschi, Cacciari, Guffanti, Jenniches, 2015
4@ Local TV Mcteorclogist /
©-@® The Weather Channal / 3 ok
20% | mm National ieather Senice 4 Consider predictions at each

— Perfact /

order, with their error bars, as
data and test them to see if the
procedure is consistent

80% -
70% -
€0% -

50% -

Fix a given DOB interval:

40% - compute success ratio, compare

30% -

PredicLaed probabilily of rain

20% -

10% -

il >

0%  10% 20% 30% 40% 50% 60% 70% 30% 90% 100%
Observed frequency of rain

Source: “The Signgl and the Pols2" oy Nete Siive” | author: Randy Olson [randalolson.Zom / ¢prandal_olsan!



THEWELL-CALIBRATED EFTER

Melendez, Furnstahl, Wesolowski, PR(, 2017
after Furnstahl, Klco, DP, Wesolowski, PRC, 2015
100 ' : ' : after: Bagnaschi, Cacciari, Guffanti, Jenniches, 2015

Consider predictions at each
order, with their error bars, as
data and test them to see if the
procedure is consistent

80

60

Fix a given DOB interval:

40) :
compute success ratio, compare

Success Rate (%), N =51

20 Look at this for EKM

predictions at three different
orders and |7 different energies

0 20 40 60 80 100
DoB (%) ) ;
Interpret in terms of rescaling

of \p by a factor A



THEWELL-CALIBRATED EFTER

Melendez, Furnstahl, Wesolowski, PR(, 2017
after Furnstahl, Klco, DP, Wesolowski, PRC, 2015
100 ' ' : ' : after: Bagnaschi, Cacciari, Guffanti, Jenniches, 2015

Consider predictions at each
order, with their error bars, as
data and test them to see if the
procedure is consistent

80

60

Fix a given DOB interval:

40) :
compute success ratio, compare

20

Success Rate (%), N = 51

Look at this for EKM
predictions at three different
orders and |7 different energies

0 20 40 60 80 100
DoB (%) ) ;
Interpret in terms of rescaling

of \p by a factor A

No evidence for significant rescaling of Ap



LIS RO PO SIS PSR

R=0.9 fm R=1.2 fm

[0 —
a, A=1.0
@@ NLO
Q<O NLO

17
o0
(S

-
<

Success Rate (7), N
Ko s
<o <

0 20 10 60 80 100 0 20 40 60 80 100
DoB (%) (a) DoB (%)

= Allows assessment of order-by-order convergence

= Can look at differential cross section and spin observables too




BREAKDOWN-SCALE INFERENCE

N\b determines the size of the c¢,’s. Choose it too big, and they’ll be too big.
Choose it too small, they’ll be too small. And progressively so as one
moves to higher and higher order.

We have a theory for pr(cn|co, ci, ..., Ck): now use Bayes’ theorem to see
how (im)probable are the c,’s that dimensionful EFT coefficients (bn’s)
produce for a given Ab.



BREAKDOWN-SCALE INFERENCE

N\b determines the size of the c¢,’s. Choose it too big, and they’ll be too big.
Choose it too small, they’ll be too small. And progressively so as one
moves to higher and higher order.

We have a theory for pr(cn|co, ci, ..., Ck): now use Bayes’ theorem to see
how (im)probable are the c,’s that dimensionful EFT coefficients (bn’s)
produce for a given Ab.

At one energy: o
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BREAKDOWN-SCALE INFERENCE

N\b determines the size of the c¢,’s. Choose it too big, and they’ll be too big.
Choose it too small, they’ll be too small. And progressively so as one
moves to higher and higher order.

We have a theory for pr(cn|co, ci, ..., Ck): now use Bayes’ theorem to see
how (im)probable are the c,’s that dimensionful EFT coefficients (bn’s)
produce for a given As.

k—1

1 1&54-2 o = :
pr(Asfba, -, be) & - | R

At one energy: . 7-\

Observable

aQ

do /—-x
(NLO: k=2, NNLO: k=3, N3LO: k=4, etc.) : ‘
. K=4, . K=), . K=4, etcC.
Order /i/-:

Using 5 energies (and 2 angles): Xpgi | B N°LO
3 NLO

0 300 600 900 1200
Ay (MeV)



BREAKDOWN-SCALE INFERENCE

N\b determines the size of the c¢,’s. Choose it too big, and they’ll be too big.
Choose it too small, they’ll be too small. And progressively so as one
moves to higher and higher order.

We have a theory for pr(cn|co, ci, .
how (im)probable are the c,’s that dimensionful EFT coefficients (bn’s)

produce for a given As.

At one energy:

pl‘(Ablbg, e e ,bk) X

L

Ay

(

s

(k +1){%)

k—1

x

(NLO: k=2, NNLO: k=3, N3LO: k=4, etc.)

Using |7 energies (and 7 angles):

Observable

4X Py i

.., Ck): now use Bayes’ theorem to see

/—-&
) /\
- -
» A
LY, i E
Order /‘l

0 NLO
3 N'LO
0 300 600 900 200



BREAKDOWN-SCALE INFERENCE

N\b determines the size of the c¢,’s. Choose it too big, and they’ll be too big.
Choose it too small, they’ll be too small. And progressively so as one
moves to higher and higher order.

We have a theory for pr(cn|co, ci, ..., Ck): now use Bayes’ theorem to see
how (im)probable are the c,’s that dimensionful EFT coefficients (bn’s)

produce for a given Ay. o
/\ 0 N°LO
At one energy: £ o /L: WO
LG

1 2 @ —a—
r A e %
ik A, ((k v 1><b2>) Y .
5 @ /\
(NLO: k=2, NNLO: k=3, N3LO: k=4, etc.) - -‘—/\ )
Using |7 energies (and 7 angles): Xpqi /\
R= I 2 fm 0 200 400 600 800 .

Ab (MeV)



FUNCTIONAL DATA

But we don’t have | |9
independent data points

We have a function for each
observable at each order

Can we understand the
properties of these functions,
so we can do /\; inference

and compute success ratios
rigorously?

o(E)

n

0

.«

.“

'

’

-*
.‘.

. .
........

|
R =0.9m
NLO H
-—- N2LO
N*LO |1

Y, e— w— ——— o —

— - — —— R R — — —

-
-~
-
-~ -
e R EE

100
Elub

200 300
(MeV)

00(E) [1+ co(E)z? + c3(E)x® + cs(E)z* + c5(E)x”]



OBSERVATIONS AND QUESTIONS

cn's do not grow or shrink
with n: good Ay choice

Bounded functions, mostly
between -2 and 2

Each “takes a turn” at being
largest

Not oscillating quickly in this
energy range

Cn

()

' |
R =0.9m

Elub (I\IC\I)

;)
P
- ‘ NLO H
\“ /\b=600 MeV -—- N2LO
\
\‘ . NsLO -
‘\ o NALO
|, " 1
! .\
f \
I \ o+ — T —— — — — e’
3 N |
./- \‘
...‘ -/ \\\ )
S touite: g
| ] |
100 200 300



OBSERVATIONS AND QUESTIONS

cn's do not grow or shrink =12t
\ ) 4 H NILO .
with n: good Ay choice |7 Mol A,=400 MeV
--- NfLOf
Bounded functions, mostly 2r e e ’
between -2 and 2
5 ,/:_’ s R s T T
. 2 ¢ | )] e R T b g = — L3
Each “takes a turn™ at being — . l
IargeSt 0.5 __,,', ..-\\k# ......... .
“2F o< T - :‘;""-T-.—._____—__:_..‘T._‘: i
Not oscillating quickly in this o . . .

energy range

|

0 100 200 300

| L |

100

200 300
Bl (MeV)



OBSERVATIONS AND QUESTIONS

cn's do not grow or shrink
with n: good Ay choice

Bounded functions, mostly
between -2 and 2

Each “takes a turn” at being
largest

Not oscillating quickly in this
energy range

Cn
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' |
R =0.9m
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OBSERVATIONS AND QUESTIONS

cn's do not grow or shrink
with n: good Ay choice

Bounded functions, mostly
between -2 and 2

Each “takes a turn” at being
largest

Not oscillating quickly in this
energy range

Physics questions:

Cn

()

T T I
L R=0.9fm
- \ . NLO }
“ /\b_600 MeV -—- N2LO
\‘ ..... N2LO |-
" ‘\ o NAIJO
1 A il
! .\
f \
. . g o om b ST T — T maeal”,
¥ e
0/. ®
7
I~ . "_ - - - = \*s" ________
| ] , |
100 200 300
E lab (I\Ie\’r)

Do curves all fluctuate around zero with some common variance!?

What is the correlation length!? Is it different at each order?



CaALISSIANNCPRCH RS 5ES

Non-parametric, probabilistic model for a function
Suppose we already know f at xi, X2, X3, ..., Xn.

Specify how f(y) is correlated with f(x)), f(x2), .....; don’t specify underlying
functional form.

But value of f(y) is not deterministic: it’s given by a probability distribution.
Correlation decreases as points get further away from each other

Specify correlation matrix of f at x and x’, e.g.:

oo (G2
k(z,z’) = ¢ exp ( o2

k(x,x’) determines the probability of getting a particular value of f(x), if the
value of f(x’) is known



INFERRING THE NEXT COEFFHCIENT

NLO = N2LO = NYLO --- NILO

0 100 200 300
Ep, (MeV)



Total Cross Section Residual

— Oy
|

Cg
1 I |

INFERRING THE NEXT COEFFICIENT

Tres (mb)

o

&

o

o
_.3 x > .' J
—— N'LO Prediction o »
s ¥

—— + unknown c;
—4 | I I | | [
(0 ol 100 150 200 250 300 350
Elnl

Gaussian process “model” for ¥EFT coefficients, trained on ¢z -cs, can be
used to predict distribution of N°LO corrections

Ac(E) = 0o(E) [ce(E)z® + c7(E)z" + cs(E)x® + co(E)z” ]



BB RS AGNES PERESICES

Total Cross Section Observable Coefficients

N
‘- . PRELIMINARY
0] = e ***;

0 50 100 150 200 250 300 350
Lab Energy [MeV]

0.05 A

0.00 -

60 80 100

For E>70 MeV, so “transition” in Q does not affect length scale
Length scale peak around 70 MeV

(The common) cbar peaks just above |, average peaks slightly above 0



B ro
ai

B Posterior
® Truevalue

Why | think truncation errors
are interesting:

Bayesian analysis of truncation error makes explicit what the
assumptions about the EFT convergence pattern are

The pdfs obtained thereby are easy to write down and use
Truncation errors are stable under choices of “naturalness priors”

Physics can be extracted: success ratios and breakdown-scale inference.
Can combine pdfs with those from parameter estimation

Sarah’s talk
But need to understand which “data’ from EFT calculation are and are

not correlated: Gaussian process models of EFT-truncation errors

BUQEYE Github (under development): http://bugeye.github.io


https://github.com/jordan-melendez/buqeyemodel

BONUS MATERIAL: RKE POTENTIALS

N=450 MeV

Success Rate (%), N = 68

Observable

Order
Xpqik 1 N°LO
1 N4LO

0 300

900

1200



