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Outline

– No-core shell model (NCSM) 12C

– NCSM with Resonating Group Method (NCSM/RGM) 11B+p

– NCSM with continuum (NCSMC) preliminary results

N4LO NN+3N, SRG 1.8



Ab initio calculation of 12C
No-core shell model (NCSM):

– A-nucleon wavefunction expansion in the harmonic oscillator basis

– Short- and medium-range correlations

– Bound-states, narrow resonances

49

§ An ab initio approach to solve the many-body Schrödinger equation for 
bound states (narrow resonances) starting from

§ High-precision NN+NNN interactions (coordinate/momentum space)

§ Uses large (but finite!) expansions in HO many-body basis states
§ Choice of either Jacobi relative or Cartesian single-particle coordinates 

according to the efficiency for the problem at hand
§ Translational invariance of the internal wave function is preserved also when 

single-particle Slater Determinant (SD) basis is used with Nmax truncation

§ Convergence to exact result using bare or effective interactions (obtained 
from unitary transformations of the bare interaction)

No-Core Shell Model (NCSM)

Nmax … maximal allowed HO 
excitation above the lowest 

possible A-nucleon configuration

Full Nmax space: All basis states 
with N ≤ Nmax kept

1max += NN

ΨSD
A = cSDNjΦSDNj

HO (!r 1,
!r 2 , ... ,

!r A )
j
∑

N=0

Nmax

∑ =ΨA ϕ000 (
!
RCM )

ΨA = cNiΦNi
HO ( !η 1,

!
η 2 ,...,

!
η A−1)

i
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N=0

Nmax

∑



NCSM calculation of 12C
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Ab initio calculation of 12C
No-core shell model (NCSM):

– A-nucleon wavefunction expansion in the harmonic oscillator basis

– Short- and medium-range correlations

– Bound-states, narrow resonances

NCSM with Resonating Group Method (NCSM/RGM):

– Cluster expansion where clusters are described by NCSM

– Proper asymptotic behavior

– Long-range correlations

Bound states vs. resonances 

!10

Free particle has continuum of energies 

T = p2

2m

Particle in potential has discrete, resonant, and continuous energies

E = ℏ2π2n2

2mL2

Bound particle has discrete energies 

110To find the Scattering matrix – Coupled channels

3. Solve equation with respect to the scattering matrix U 

4. You can demonstrate that the solution is given by:

§ Scattering phase shifts are extracted from the scattering matrix elements

R
c ′c

k ′c a

µ ′c v ′c

′I ′c (k ′c a)δci −U ′c i ′O ′c (k ′c a)[ ]
′c

∑ =
1

µ
c
v
c

I
c
(k

c
a)δ

ci
−U

ci
O
c
(k

c
a)[ ]

U = Z
−1
Z
*
, Z

c ′c = k ′c a( )
−1
O
c
(k

c
a)δ

c ′c − k ′c a Rc ′c ′O ′c (k ′c a)
 

U = exp(2iδ)

€ 

δ

Need to include dynamics properties  
“include continuum effects”



NCSM/RGM
NCSMC

123NCSMC phenomenology

Eλ
NCSM energies treated as 
adjustable parameters 

Cluster excitation energies 
set to experimental values

Lawrence Livermore National Laboratory 9 LLNL#PRES#650082 

… to be simultaneously determined  
by solving the coupled NCSMC equations 
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Coupled NCSMC equations
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by solving the coupled NCSMC equations 
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Expand basis to include 
relative motion of composite 
clusters

Recast as a cluster 
dynamics problem

Solutions for bound-state 
energies and scattering matrix 
(phase shifts)

!11

Energies and widths of resonances
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92Binary cluster basis

§ Now introduce partial wave expansion of delta function

§ After integration in the solid angle one obtains:
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NCSM states



NCSM/RGM
NCSMC
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Coupled NCSMC equations
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dynamics problem
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energies and scattering matrix 
(phase shifts)
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Energies and widths of resonances
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NCSM/RGM calculation of 12C
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No-Core shell model with continuum (NCSMC)

Put scattering (RGM) and bound state (NCSM) problems on equal footing

NCSMC

123NCSMC phenomenology

Eλ
NCSM energies treated as 
adjustable parameters 

Cluster excitation energies 
set to experimental values

Lawrence Livermore National Laboratory 9 LLNL#PRES#650082 

… to be simultaneously determined  
by solving the coupled NCSMC equations 
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Coupled NCSMC equations
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relative motion of composite 
clusters

Recast as a cluster 
dynamics problem

Solutions for bound-state 
energies and scattering matrix 
(phase shifts)

!11

Energies and widths of resonances
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No-Core shell model with continuum (NCSMC)NCSMC

123NCSMC phenomenology

Eλ
NCSM energies treated as 
adjustable parameters 

Cluster excitation energies 
set to experimental values
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… to be simultaneously determined  
by solving the coupled NCSMC equations 
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ν

∑ ,ν
A− a( )

a( )

r
HΨ(A) = EΨ(A)

89

Coupled NCSMC equations
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Energies and widths of resonances
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… to be simultaneously determined  
by solving the coupled NCSMC equations 
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Coupled NCSMC equations
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… to be simultaneously determined  
by solving the coupled NCSMC equations 
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Expand basis to include 
relative motion of composite 
clusters

Recast as a cluster 
dynamics problem

Solutions for bound-state 
energies and scattering matrix 
(phase shifts)
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No-Core shell model with continuum (NCSMC)

– Solve using R-matrix method on Lagrange mesh

– Get both bound state energies and phase shifts from scattering matrix

NCSMC calculation of 12C
– NCSM: First 10 positive parity and first 6

negative parity states of 12C
(Nmax = 6/7)

– RGM: First 2 negative parity states of 11B
plus proton (Nmax = 6)

Bound states vs. resonances 

!10

Free particle has continuum of energies 

T = p2

2m

Particle in potential has discrete, resonant, and continuous energies

E = ℏ2π2n2

2mL2

Bound particle has discrete energies 

110To find the Scattering matrix – Coupled channels

3. Solve equation with respect to the scattering matrix U 

4. You can demonstrate that the solution is given by:

§ Scattering phase shifts are extracted from the scattering matrix elements
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Need to include dynamics properties  
“include continuum effects”



NCSMC calculation of 12C
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NCSMC calculation of 12C
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Summary

– Preliminary results for 12C are promising

– Combining the 11B+p cluster states with the ncsm basis improves the spectrum

– NCSMC calculation can be improved

– Include the full 3N interaction

– Include more of the NCSM states for both 11B and 12C
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Thank you!
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