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Rotational structure from ab initio nuclear theory?
Ab initio theory should be able to describe nuclei
Light nuclei display rotational band structure

∴ Ab initio theory should be able to predict rotational bands

But... Convergence challenges in calculation of relevant observables
– Qualitative emergence of rotational “features”?

Rotational energies, rotational transition patterns
– Robust quantititative prediction of rotational observables?

Rotational energy parameters, intrinsic E2 matrix elements
– Physical nature of rotation in light nuclei — What can we learn?

Emergence of rotational patterns in Be isotopes
M. A. Caprio, P. Maris, and J. P. Vary, Phys. Lett. B 719, 179 (2013).
P. Maris, M. A. Caprio, and J. P. Vary, Phys. Rev. C 91, 014310 (2015).
C. W. Johnson, Phys. Rev. C 91, 034313 (2015).
M. A. Caprio, P. Maris, J. P. Vary, and R. Smith, Int. J. Mod. Phys. E 24,

1541002 (2015), arXiv:1509.00102.



M. A. Caprio, University of Notre Dame

Separation of rotational degree of freedom
Intrinsic state |φK〉 & rotation in Euler angles ϑ (J = K,K +1, . . .)

|ψJKM〉 ∝

∫
dϑ

[
DJ

MK(ϑ)|φK ;ϑ〉 + (−)J+KDJ
M−K(ϑ)|φK̄ ;ϑ〉

]
Rotational energy

E(J) = E0+A
[
J(J+1)+a(−)J+1/2(J+ 1

2 )︸              ︷︷              ︸
Coriolis (K = 1/2)

]
A ≡ ~

2

2J

Rotational relations on electromagnetic transitions (E2, M1, . . . )
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Fig. 3. Energy levels of8Be. For notation see Fig. 2.

The d-wave phase shift becomes appreciable forEα > 2.5 MeV and passes through a
resonance atEα = 6 MeV (Ex = 3.18 MeV, Γ = 1.5 MeV, Jπ = 2+): see Table 8.11.
Five 2+ levels are observed froml = 2 phase shifts measured fromEα = 30 to 70 MeV:
8Be∗(16.6,16.9) with Γα = Γ [see Table 8.11], and states withEx = 20.1, 22.2 and
25.2 MeV. The latter has a smallΓα . The l = 2 α-α phase shifts have been analyzed by
[1986WA01] up toEα = 34 MeV: intruder states belowEx = 26 MeV need not be intro-
duced. However, see discussion in reactions 24 and 27, and see [1988BA75,1989BA31,
2000BA89] which introduces an intruder state at≈ 9 MeV.

Figure from D.R. Tilley et al., Nucl. Phys. A 745, 155 (2004).
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Observed energy levels for A = 7 nuclei
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Fig. 11. Isobar diagram,A= 7. For notation see Fig. 3.

Figure from D.R. Tilley et al., Nucl. Phys. A 708, 3 (2002).
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Yrast and excited bands in 10BeRESONANT α SCATTERING OF 6He: LIMITS . . . PHYSICAL REVIEW C 87, 054301 (2013)

resonance strength exists in the energy region covered in the
present study. There is a minor peak structure at 2.5 MeV. It
is difficult to judge whether this is due to a resonance or to a
statistical fluctuation, particularly without the corresponding
information from an angular distribution. In the former case,
it would be possible that it originates from the 10.15-MeV 4+
state with nearly the same resonance energy. A fit with a Voigt
function [50] was made to estimate the possible partial width

8Be. Three different backgrounds, namely linear, quadratic,
and exponential functions, were tested. The resonance energy
was set to the result from the elastic channel (2.56 MeV) and
varied within the error (0.15 MeV), while the experimental
resolution was fixed to 0.25 MeV rms, which arises from
the uncertainty in reaction energy (0.1 MeV) and that in
vertex determination (0.2 MeV). The resulting 
8Be/
 value
is 0.09(5) and this gives an upper limit of 
8Be/
 ∼ 0.15 for
this possible decay branch.

V. DISCUSSION

The present study identified a 4+ state with a large α
decay width 
α/
 = 0.49(5) at 9.98(15) MeV in 10Be. The
observed state most likely corresponds to the known 4+ level
at 10.15(2) MeV [31,32] given the observed excitation energy
and spin-parity. In previous studies [24,32,33], this state is
considered the 4+ member of a rotational band built on the
second 0+ state at 6.1793(7) MeV [51]. The excitation energies
of 10Be states are plotted against J (J + 1) in Fig. 11. The
linear extrapolation from the 0+

2 state and the 2+ state at
7.542(1) MeV [51] indeed nicely agrees with the 10.15-MeV
state in energy. The large moment of inertia from the narrow
level spacing of the band members is well explained by the
σ -type molecular orbital structure from both cluster-model
calculations [16,21,22] and microscopic calculations based
on the antisymmetric molecular dynamics (AMD) method
[15,24]. In this picture, the valence neutrons are delocalized
over the two clusterized α cores and the extension along the
α cores’ axis gives strong deformative characteristics to 10Be.
The large decay width for α emission indicates a high degree of
clusterization in this 4+ state and supports this type of cluster
structure. An α spectroscopic factor of 3.1(2) is estimated in a
recent analysis of the measured partial width [61]. This value
is as large as the spectroscopic factors of about 1.5 for the
ground-state band members of 8Be with well-developed two
α clusters [61,62].

In addition to the 0+
2 state, theoretical studies [15,16,22,24]

predict a π -type cluster structure for the 0+ ground state, in
which valence neutrons are extending perpendicular to the
axis of the two α cores. Given the 2+ state at 3.37 MeV, the
4+ state of the 0+

g.s. band is anticipated at around 11 MeV as
seen in the linear extrapolation shown in Fig. 11. In previous
studies [24,33], the 4+ state at 11.76(2) MeV is considered
the most likely candidate for the 4+ member of the 0+

g.s. band
because of its excitation energy and spin-parity. In the present
study, however, there was no resonance observed around Ex =
11.8 MeV (Ec.m. = 4.4 MeV). This is in stark contrast with
the significant resonance strength of the 4+ state of the 0+

2
band at 10.2 MeV. The α decay width of the 11.8-MeV
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FIG. 11. (Color online) Plot of Ex vs J (J + 1) for 10Be. The
band members of the ground and the second 0+ states are shown by
the circles and squares, respectively. The linear extrapolation using
the 0+ and 2+ states is shown for each band. The horizontal lines
at J = 4 denote predicted level energies of the 4+ member of the
ground state band from the β-γ constraint AMD method [24] (solid
line), the variational AMD method [15] (dashed line), the four-body
cluster model [21] (dotted line), the molecular orbital model [16]
(dot-dashed line), the semimicroscopic algebraic cluster model [18],
(double-dot-dashed line), and the multicluster generator coordinate
method [19] (triple-dot-dashed line). The data of Refs. [16,21] were
obtained from the calculated values with respect to the threshold
energy of 2α + 2n at 8.386 MeV. The shaded area denotes the
energy domain covered by the present study.

state is estimated less than 20 keV and is much smaller than

α = 145(15) keV deduced for the 10.2-MeV state. Such
a difference is unexpected as both 4+ states belong to the
rotational bands of the clusterized 0+ states. Nearly the same
spectroscopic amplitudes of 6He + α are predicted for these
4+ states in the microscopic 2α + 2n four-cluster model [21].
The present result does not agree with this prediction. The
small spectroscopic amplitude of the 4+ member is also unlike
the ground state 0+ band of 8Be, despite what appears to
be a similar moment of inertia. The α spectroscopic factors
are predicted to be equally large in all 0+, 2+, and 4+ states
in 8Be [62], which is supported by the folding potential model
that well describes the level energies and widths of these
states [63].

There are two possible scenarios to account for the hindered
strength of the 4+ member of the 0+

g.s. band. First is the
possibility that the 4+ state at 11.8 MeV does not belong
to the 0+

g.s. band, and the real band member exists outside the
energy window of the present study (Ec.m. = 2–6 MeV or
Ex = 9.4–13.4 MeV). This scenario implies an unusual level
spacing for the ground state band. On the contrary, regardless
of the framework, most theoretical studies [15,16,18,19,21,24]
predict the 4+ state of the 0+

g.s. band in the energy range
Ex = 10–13 MeV (Fig. 11), the region anticipated from the
proportionality to J (J + 1). The second scenario is that the

054301-11

From D. Suzuki et al., Phys. Rev. C 87, 054301 (2013). Orbital schematics from
Y. Kanada-En’yo, H. Horiuchi, and A. Doté, Phys. Rev. C 60, 064304 (1999).
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Convergence of NCCI calculations
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Convergence of NCCI calculations
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Convergence of NCCI calculations
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Convergence of NCCI calculations
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Convergence of NCCI calculations
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The 8Be yrast band
Shell model: Valence space angular momentum J ≤ 4
Cluster model: Molecular rotation of α+α dimer
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Yrast K = 1/2 rotational band in 7Be

7
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JISP16 + Coulomb, Nmax = 10, ~ω = 20MeV. [IJMPE 24, 1541002 (2015).]
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Yrast K = 1/2 rotational band in 7Be
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JISP16 + Coulomb, Nmax = 10, ~ω = 20MeV. [IJMPE 24, 1541002 (2015).]
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Yrast K = 1/2 rotational band in 7Be
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Convergence of in-band transition matrix elements
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Rotational bands in 7–12Be from NCCI calculations
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M. A. Caprio, P. Maris, and J. P. Vary, Phys. Lett. B 719, 179 (2013).
P. Maris, M. A. Caprio, and J. P. Vary, Phys. Rev. C 91, 014310 (2015).

JISP16 interaction (no Coulomb), NCCI (MFDn), Nmax = 10 or 11, ~ω ≈ 20MeV
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Convergence of energies for band members
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Yrast and excited bands in 10Be
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RESONANT α SCATTERING OF 6He: LIMITS . . . PHYSICAL REVIEW C 87, 054301 (2013)

resonance strength exists in the energy region covered in the
present study. There is a minor peak structure at 2.5 MeV. It
is difficult to judge whether this is due to a resonance or to a
statistical fluctuation, particularly without the corresponding
information from an angular distribution. In the former case,
it would be possible that it originates from the 10.15-MeV 4+
state with nearly the same resonance energy. A fit with a Voigt
function [50] was made to estimate the possible partial width

8Be. Three different backgrounds, namely linear, quadratic,
and exponential functions, were tested. The resonance energy
was set to the result from the elastic channel (2.56 MeV) and
varied within the error (0.15 MeV), while the experimental
resolution was fixed to 0.25 MeV rms, which arises from
the uncertainty in reaction energy (0.1 MeV) and that in
vertex determination (0.2 MeV). The resulting 
8Be/
 value
is 0.09(5) and this gives an upper limit of 
8Be/
 ∼ 0.15 for
this possible decay branch.

V. DISCUSSION

The present study identified a 4+ state with a large α
decay width 
α/
 = 0.49(5) at 9.98(15) MeV in 10Be. The
observed state most likely corresponds to the known 4+ level
at 10.15(2) MeV [31,32] given the observed excitation energy
and spin-parity. In previous studies [24,32,33], this state is
considered the 4+ member of a rotational band built on the
second 0+ state at 6.1793(7) MeV [51]. The excitation energies
of 10Be states are plotted against J (J + 1) in Fig. 11. The
linear extrapolation from the 0+

2 state and the 2+ state at
7.542(1) MeV [51] indeed nicely agrees with the 10.15-MeV
state in energy. The large moment of inertia from the narrow
level spacing of the band members is well explained by the
σ -type molecular orbital structure from both cluster-model
calculations [16,21,22] and microscopic calculations based
on the antisymmetric molecular dynamics (AMD) method
[15,24]. In this picture, the valence neutrons are delocalized
over the two clusterized α cores and the extension along the
α cores’ axis gives strong deformative characteristics to 10Be.
The large decay width for α emission indicates a high degree of
clusterization in this 4+ state and supports this type of cluster
structure. An α spectroscopic factor of 3.1(2) is estimated in a
recent analysis of the measured partial width [61]. This value
is as large as the spectroscopic factors of about 1.5 for the
ground-state band members of 8Be with well-developed two
α clusters [61,62].

In addition to the 0+
2 state, theoretical studies [15,16,22,24]

predict a π -type cluster structure for the 0+ ground state, in
which valence neutrons are extending perpendicular to the
axis of the two α cores. Given the 2+ state at 3.37 MeV, the
4+ state of the 0+

g.s. band is anticipated at around 11 MeV as
seen in the linear extrapolation shown in Fig. 11. In previous
studies [24,33], the 4+ state at 11.76(2) MeV is considered
the most likely candidate for the 4+ member of the 0+

g.s. band
because of its excitation energy and spin-parity. In the present
study, however, there was no resonance observed around Ex =
11.8 MeV (Ec.m. = 4.4 MeV). This is in stark contrast with
the significant resonance strength of the 4+ state of the 0+

2
band at 10.2 MeV. The α decay width of the 11.8-MeV
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FIG. 11. (Color online) Plot of Ex vs J (J + 1) for 10Be. The
band members of the ground and the second 0+ states are shown by
the circles and squares, respectively. The linear extrapolation using
the 0+ and 2+ states is shown for each band. The horizontal lines
at J = 4 denote predicted level energies of the 4+ member of the
ground state band from the β-γ constraint AMD method [24] (solid
line), the variational AMD method [15] (dashed line), the four-body
cluster model [21] (dotted line), the molecular orbital model [16]
(dot-dashed line), the semimicroscopic algebraic cluster model [18],
(double-dot-dashed line), and the multicluster generator coordinate
method [19] (triple-dot-dashed line). The data of Refs. [16,21] were
obtained from the calculated values with respect to the threshold
energy of 2α + 2n at 8.386 MeV. The shaded area denotes the
energy domain covered by the present study.

state is estimated less than 20 keV and is much smaller than

α = 145(15) keV deduced for the 10.2-MeV state. Such
a difference is unexpected as both 4+ states belong to the
rotational bands of the clusterized 0+ states. Nearly the same
spectroscopic amplitudes of 6He + α are predicted for these
4+ states in the microscopic 2α + 2n four-cluster model [21].
The present result does not agree with this prediction. The
small spectroscopic amplitude of the 4+ member is also unlike
the ground state 0+ band of 8Be, despite what appears to
be a similar moment of inertia. The α spectroscopic factors
are predicted to be equally large in all 0+, 2+, and 4+ states
in 8Be [62], which is supported by the folding potential model
that well describes the level energies and widths of these
states [63].

There are two possible scenarios to account for the hindered
strength of the 4+ member of the 0+

g.s. band. First is the
possibility that the 4+ state at 11.8 MeV does not belong
to the 0+

g.s. band, and the real band member exists outside the
energy window of the present study (Ec.m. = 2–6 MeV or
Ex = 9.4–13.4 MeV). This scenario implies an unusual level
spacing for the ground state band. On the contrary, regardless
of the framework, most theoretical studies [15,16,18,19,21,24]
predict the 4+ state of the 0+

g.s. band in the energy range
Ex = 10–13 MeV (Fig. 11), the region anticipated from the
proportionality to J (J + 1). The second scenario is that the

054301-11

From D. Suzuki et al., Phys. Rev. C 87, 054301 (2013).

Extrapolation: Exponential in Nmax (3-point); see
P. Maris, J. P. Vary, and A. M. Shirokov, Phys. Rev. C
79, 014308 (2009).
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Rotational structure in 9Be across interactions

9
Be JISP16

Natural �P���

�50

�40

�30

�20
E
�M

e
V
�

1�23�2 5�2 7�2 9�2 11�2

9
Be NNLOopt

Natural �P���

�50

�40

�30

�20

1�23�2 5�2 7�2 9�2 11�2

9
Be Cohen–Kurath0

10

20

E
x
�M

e
V
�

1�2 3�2 5�2 7�2 9�2

J

9
Be N

3
LO

Natural �P���0

10

20

1�2 3�2 5�2 7�2 9�2

J

Calculations for Cohen-Kurath and N3LO from C. W. Johnson, Phys. Rev. C 91, 034313 (2015).



M. A. Caprio, University of Notre Dame

Convergence of band parameters?
9Be 3/2- band
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Ab initio rotational band parameters for Be isotopes
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Ab initio rotational band parameters for Be isotopes
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Summary
Can we predict nuclei ab initio?
Challenge: Computational scale explosion
Emergence of rotational patterns
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Although energies & electromagnetic
moments/transitions (E2) are unconverged...

Ratios of observables within a band can be robustly rotational

Robustness of rotational structure across interactions?
Quantitative agreement with experiment?
Underlying structure? Rotational separation vs. nature of intrinsic state

– Valence shell structure? e.g., SU(3) correlations
– Cluster structure? α+α α+n+α α+2n+α . . .
– Symplectic multishell correlations?

Collaborators: Pieter Maris (ISU), James Vary (ISU), Patrick Fasano (ND)


