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Your daily source of depression...

Many-body theory is (to a large extent):
Wick’s theorem, symmetry reduction and tensor contractions
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Hors d’ceuvre

Development process in many-body theory

Formal stage Testing Reduction Production
a
Optimisation ]
Symmetry
reduction
Schematic
implementation
-
Truncation
scheme
.
~
( Formalism .
J time
—
up to several years ~ 6 months ~ 6 months ~ 6 months

Testing of (potentially great) ideas can easily take 2 years of work!
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RADNUT

RApid Development toolkit for NUclear Theory https://github.com/radnut
Formal stage Testing Reduction Production
a
Optimisation )
Symmetry
reduction
Schematic
implementation
-
Truncation
scheme
.
~
( Formalism .
J time
—
ADG AMC
‘Automatic Diagram Generator’ ‘Angular-Momentum Coupling’
Arthuis et al., CPC 240:202-227 Tichai, Wirth, Ripoche, Duguet
arXiv:2002.0501 |
ADG + AMC

All J-coupled expressions at 5-th order
BMBPT derived in a few seconds
(takes even experts months by hand!)
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Many-body theory and symmetry reduction

Angular-momentum coupling
e States, operators and tensor networks

 Graph-theory-based reformulation

The AMC program

Future perspectives
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Interplay of symmetries

* Symmetries encode fundamental invariances of a (quantum-mechanical) system

* Mathematically encoded via linear representations of symmetry groups ( SU(2), U(1), Z3, ... )

H,U(g)] =0 (VYg€Gq)
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Interplay of symmetries

* Symmetries encode fundamental invariances of a (quantum-mechanical) system

* Mathematically encoded via linear representations of symmetry groups ( SU(2), U(1), Z3, ... )
H,U(9)] =0 (Vg €G)

* Symmetry groups affect many-body treatment at various stages of the formalism

Hamiltonian

GHam
unperturbed A-body vacuum

‘unperturbed Hamiltonian’ (Slater, NCSM, Bogoliuboy, ....)
(e.g. spherical HO/HF)

Gbas <+ -> Gref

Computational Reference
basis state
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Interplay of symmetries

* Symmetries encode fundamental invariances of a (quantum-mechanical) system

* Mathematically encoded via linear representations of symmetry groups ( SU(2), U(1), Z3, ... )
H,U(9)] =0 (Vg €G)

* Symmetry groups affect many-body treatment at various stages of the formalism

Hamiltonian

GHam
unperturbed A-body vacuum

‘unperturbed Hamiltonian’ (Slater, NCSM, Bogoliuboy, ....)
(e.g. spherical HO/HF)

Gbas <+ -> Gref

Computational Reference
basis state

* Simplifications can be done in the case where a common symmetry group exists

Gsym — GHam — Gbas — Gref
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Symmetry reduction

e Starting point for many-body theories is a symmetry-unrestricted tensor network (SU-TN)

symmetry-unrestricted tensors (SU-T’s)

AN

Rabij = ...+ Z Z Hk:lcdtdjtaktcbil + ... (CCSD residual)
/ kl cd
holes: i,j,k,1,...
external indices T / particles: a,b,c,d,...

internal summations
(contractions)
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e Starting point for many-body theories is a symmetry-unrestricted tensor network (SU-TN)

symmetry-unrestricted tensors (SU-T’s)

AN

Rabij = ...+ Z Z Hk:lcdtdjtaktcbil + ... (CCSD residual)
/ kl cd
holes: i,j,k,1,...
external indices T / particles: a,b,c,d,...

internal summations
(contractions)

e Symmetry reduction mediated by transformation generating symmetry-restricted tensors (SR-T)

fGsym

~ JGsym iIN L PBA L A
foe, T E S B Ca SR, B O
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Symmetry reduction

e Starting point for many-body theories is a symmetry-unrestricted tensor network (SU-TN)

symmetry-unrestricted tensors (SU-T’s)

AN

Rabij = ...+ Z Z Hk:lcdtdjtaktcbil + ... (CCSD residual)
/ kl cd
holes: i,j,k,1,...
external indices T / particles: a,b,c,d,...

internal summations
(contractions)

e Symmetry reduction mediated by transformation generating symmetry-restricted tensors (SR-T)

fGsym

~ JGsym iIN L PBA L A
foe, T E S B Ca SR, B O

* Storage and runtime requirements are reduced by (up to) several orders of magnitudes
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Symmetry reduction

e Starting point for many-body theories is a symmetry-unrestricted tensor network (SU-TN)

symmetry-unrestricted tensors (SU-T’s)

AN

Rabij = ...+ Z Z Hk:lcdtdjtaktcbil + ... (CCSD residual)
/ kl cd
holes: i,j,k,1,...
external indices T / particles: a,b,c,d,...

internal summations
(contractions)

e Symmetry reduction mediated by transformation generating symmetry-restricted tensors (SR-T)

fGsym

fa ~ ~ -
“\ sym A ~ )\~ >\~
T, Lo Nauma o ey By oy

* Storage and runtime requirements are reduced by (up to) several orders of magnitudes

* Many-body objects are manifestly invariant with respect to symmetry properties

Symmetry conservation throughout numerical solution
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SU(2) symmetry

* SU(2) symmetry encodes rotational invariance of quantum objects

~

‘k‘> = ‘nkvlkajkvtkamk> — ’k,mk>
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SU(2) symmetry

* SU(2) symmetry encodes rotational invariance of quantum objects

~

‘k‘> = ‘nkvlkajkvtkamk> — ’k,mk>

* Definition of angular-momentum-coupled states from symmetry transformation

fsu(z ~ ~ ' o | J
h) @ k) S ks = Y (T i)

mkl ka

mkl mkz
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SU(2) symmetry

* SU(2) symmetry encodes rotational invariance of quantum objects

~

‘k‘> = ‘nkvlkajkvtkamk> — ’k,mk>

* Definition of angular-momentum-coupled states from symmetry transformation

fsu@ 137 _ Jkr Jko | J
h) @ k) S ks = Y (T i)
Mg, Mk,
* Symmetry-restricted tensors: angular-momentum-coupled matrix elements

. . . . /
OLMIM N Gy kg | TR TR SN ((Jks Jrka|J
ki1kokska PRt A\ myg, mp, | M My M, M’

mkl ...mk4
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SU(2) symmetry

* SU(2) symmetry encodes rotational invariance of quantum objects

~

‘k> = ‘nkvlkajkvtkamk> — ’k,mk>

* Definition of angular-momentum-coupled states from symmetry transformation

fsu@ 137 _ Jkr Jko | J
h) @ k) S ks = Y (T i)
Mg, Mk,
* Symmetry-restricted tensors: angular-momentum-coupled matrix elements

J Jks Jks |
M Mgg MEy, M’

e SU(2)-irreducible tensor operators can be processed via Wigner-Eckart theorem

o7 1 (g2 J
jl mQM

OIMJI' M _ ST Ghakaksk Jk1 ks
kikokska PR\ Mg, M,

mkl ...mk4

(E151ma | T |€2Game) = (—1)

1 ) (€151 T7|€272)

mi
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SU(2) symmetry

* SU(2) symmetry encodes rotational invariance of quantum objects

~

‘k> = ‘nka lkajkv tka mk> — ’ka mk>
* Definition of angular-momentum-coupled states from symmetry transformation

fsu(z ~ ~ ' o | J
h) @ k) S ks = Y (T i)

MMy My
* Symmetry-restricted tensors: angular-momentum-coupled matrix elements
. . . . /
OJMJJM/ — E Ok foo Jon o Jk1  Jko J Jks  Jka J
ki1kokska PRt A\ myg, mp, | M My M, M’

mkl ...mk4
e SU(2)-irreducible tensor operators can be processed via Wigner-Eckart theorem

mkl mkz

1 . J .
: J - o 1\2J [ J2 J1 e s
(1jim|Thr|§2d2me) = (—1) a (m2 Mm1> (€171 T7[€272)

* Analogous treatment can be performed for more complicated Lie groups and algebras

“The many-nucleon theory of collective structure and its macroscopic limits: an algebraic perspective”
Rowe, McCoy, Caprio, Phys. Scr. 04961 (2016)
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Intermezzo - IMSRG(2)

Parzuchowski, Morris, Bogner, PRC 95, 044304 (2017)

* m-scheme expression of IMSRG(2) flow arising from two two-body operators S and T
1 _
Cqurs — 5 Z ntnuSpqtuTturs
u

* Plugging in all Clebsch-Gordan coefficients in the case of non-scalar operators yields

1
(pGJ1|CF5J,) = y‘ D (21 22

’ J1J3J5

A

’ul’u2'u {mi} Ji,...J ,u) \ from
/ M-, Me Wigner-Eckart
jp jq Jl jr js J2 J2 )\ Jl theorem
: ( Ml) ( Mz) (MQ/LMl /

My My My Mg
reduced
matrix elements " jp Jq | J3 It Ju | Ja J1 M| J3
my Mg M3 Tt TNy, M4 M4 L1 M3
o (It Ju J5 Jr Js|J6 Je A2| Js5
M mu My Mg M6 MG 2 M5

X Mg (p’gjg\s Lty (tas | T2 |75.J)
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Intermezzo - IMSRG(2)

Parzuchowski, Morris, Bogner, PRC 95, 044304 (2017)

* m-scheme expression of IMSRG(2) flow arising from two two-body operators S and T
1 _
Cqurs — 5 Z ntnuSpqtuTturs
u

* Plugging in all Clebsch-Gordan coefficients in the case of non-scalar operators yields

(pGJ,|C*F5Js) = y‘ DY 1 ()\1 Ao

. J1J3J5 K1 (2

A

’ul’u2'u {mi} Ji,...J M) \ from
/ M-, Me Wigner-Eckart
jp jq Jl jr js J2 J2 )\ Jl theorem
X ( 1) ( M2> ( /

my, mq|M My Mg Mo | My
reduced
matrix elements " jp jq J3 It Ju | Ja Ji M| J3
my Mg M3 Tt TNy, M4 M4 L1 M3
o (It Ju J, Jr Js | Je Je A2| Js5
My My, | M my ms| Mg ) \ Mg 2| Ms

X Mg (]5(}']3\8 Htady) (tads | T2 |75J6)
* IMSRG(3) involves ~100 additional terms with more even more couplings coefficients

More systematic solution required !
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Diagrammatic notation

* Introduction of diagrammatic notion of angular-momentum-coupling objects

+——__ Vertex of

J1 J2 j3) _ s
iamy degree three

Wigner / (ml s

3jm-symbol
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Diagrammatic notation

* Introduction of diagrammatic notion of angular-momentum-coupling objects

+——__ Vertex of

J1 J2 j3) _ s
iamy degree three

Wigner / (ml s

3jm-symbol

* Contractions among vertices correspond to summation over projection quantum numbers

Jamy Jamy

Ny

Jjimy Jimyq
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Diagrammatic notation

* Introduction of diagrammatic notion of angular-momentum-coupling objects

+——__ Vertex of

J1 J2 j3) _ _ fams
iamy degree three

Wigner / (ml s

3jm-symbol

* Contractions among vertices correspond to summation over projection quantum numbers

Jamy

Jjimy Jimyq

* Wigner nj-symbols yield irreducible topologies with 2,4,6,... vertices and 3,6,9,... summations

3j-symbol

(triangular inequality) 6j-symbol 9j-symbol

i1

2
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IMSRG(2) - revisited

Angular-momentum network (Yutsis graph)

Subdiagram
(apply 2-cycle rule) Two-body

\ total angular momenta
ip

Ju Jt

Spherical tensor ranks Single-particle
js angular momenta
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Reduction rules

* Reduction rules simplify the Yutsis graph while inducing irreducible 3nj-Wigner symbols
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Reduction rules

* Reduction rules simplify the Yutsis graph while inducing irreducible 3nj-Wigner symbols

* 2-cycle rule: Simplest reduction corresponds to orthogonality relation

i1

jzmg Jymy {]1 j2 ]3} jamz
—— D— = SN
~2
J3

B2
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Reduction rules

* Reduction rules simplify the Yutsis graph while inducing irreducible 3nj-Wigner symbols

* 2-cycle rule: Simplest reduction corresponds to orthogonality relation

i1
jzm3 iz my {]1 J2 ]3} jzmg
——0 D— = —_—
2
J3

B2

* 3-cycle rule: generation of 6j-symbol from removing three summations

_ vz s
Ja Js Je

jzmg iamy
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Reduction rules

* Reduction rules simplify the Yutsis graph while inducing irreducible 3nj-Wigner symbols

* 2-cycle rule: Simplest reduction corresponds to orthogonality relation

i1

jzmg Jymy {]1 j2 ]3} jamz
—— P
~2
J3

B2

* 3-cycle rule: generation of 6j-symbol from removing three summations

Jpmy

_ vz s
Ja Js Je

iamy

jzmg

N Lpydmdeds 2 L0 x Jal L2 Jx 3
¥ ;( ) . {17 Js Jsf \ir Js s T
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Reduction rules

* Reduction rules simplify the Yutsis graph while inducing irreducible 3nj-Wigner symbols

* 2-cycle rule: Simplest reduction corresponds to orthogonality relation

i1

jzmg Jymy {]1 j2 ]3} jamz
—— P
~2
J3

B2

* 3-cycle rule: generation of 6j-symbol from removing three summations

Jpmy

_ vz s
Ja Js Je

iamy

jzmg

N Lpydmdeds 2 L0 x Jal L2 Jx 3
¥ ;( ) . {17 Js Jsf \ir Js s T

* Higher-order rules do exist but where never encountered in any application

A. Tichai — Automated Angular-Momentum Coupling in Many-Body Theory March 2020



IMSRG(2) - revisited

Angular-momentum network (Yutsis graph)

Subdiagram
(apply 2-cycle rule) Two-body

\ total angular momenta

Ju Jt

Spherical tensor ranks Single-particle
angular momenta

Final result

. . 1. A1 A . RN .
(pGJ1|C|75Js) = 5)\( 1)71 A Z {J; Ji Jg} Zn M (PGJ1 |SM |EaT3) (faJs| T2 |75.05)
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* Symmetry transformation: replace m-scheme expression via J-scheme matrix elements

e Canonicalization: transform all Clebsch-Gordan coefficients to Wigner 3jm-symbols

J1 J2 J3 J3
mi Mo M3 ms

(—1)f2—ds—m ( Ji o J2
—711 19

1
J
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* Symmetry transformation: replace m-scheme expression via J-scheme matrix elements

e Canonicalization: transform all Clebsch-Gordan coefficients to Wigner 3jm-symbols

J1 J2 J3 J3
mi Mo M3 ms

e Formation of Jutsis graph: build contractions from internal summation

(—1)f2—ds—m ( Ji o J2
—711 19

1
J

Output: cubic angular-momentum network
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* Symmetry transformation: replace m-scheme expression via J-scheme matrix elements

e Canonicalization: transform all Clebsch-Gordan coefficients to Wigner 3jm-symbols

J1 J2 J3 J3
mi Mo M3 ms

e Formation of Jutsis graph: build contractions from internal summation

(—1)f2—ds—m ( Ji o J2
—711 19

1
J

Output: cubic angular-momentum network
* Symmetry reduction: search for closed subgraphs in the angular-momentum network
Application of 2-, 3- and 4-cycle rules

keep track of > 1
global prefactor jglobal

- Oglobal
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Symmetry transformation: replace m-scheme expression via J-scheme matrix elements

Canonicalization: transform all Clebsch-Gordan coefficients to Wigner 3jm-symbols

J1 J2 J3 J3
mi Mo M3 ms

Formation of Jutsis graph: build contractions from internal summation

(—1)f2—ds—m ( Ji o J2
—711 19

1
J

Output: cubic angular-momentum network

Symmetry reduction: search for closed subgraphs in the angular-momentum network

Application of 2-, 3- and 4-cycle rules

keep track of > 1

- Pglobal
global prefactor Jglobal ®

Output: generation of abstract syntax tree containing the symmetry-reduced tensor network

Many-body framework written in terms of SU(2)-invariant objects
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How to work with AMC

* Text file: specify tensor mode, tensorial properties and LaTeX output

declare C { mode=(2,2), latex="C", scalar=False }
declare S { mode=(2,2), latex="S", scalar=False }
declare T { mode=(2,2), latex="T", scalar=False }
declare nbar { mode=2, diagonal=true, latex="\bar{n}" }
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How to work with AMC

* Text file: specify tensor mode, tensorial properties and LaTeX output

declare C { mode=(2,2), latex="C", scalar=False }
declare S { mode=(2,2), latex="S", scalar=False }
declare T { mode=(2,2), latex="T", scalar=False }
declare nbar { mode=2, diagonal=true, latex="\bar{n}" }

e Text file: specify symmetry-unrestricted working equations of many-body formalism

C pgrs = 1/2 * sum tu(nbar t * nbar u * S pgtu * T turs);
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How to work with AMC

* Text file: specify tensor mode, tensorial properties and LaTeX output

declare C { mode=(2,2), latex="C", scalar=False }
declare S { mode=(2,2), latex="S", scalar=False }
declare T { mode=(2,2), latex="T", scalar=False }
declare nbar { mode=2, diagonal=true, latex="\bar{n}" }

e Text file: specify symmetry-unrestricted working equations of many-body formalism
C pgrs = 1/2 * sum tu(nbar t * nbar u * S pgtu * T turs);

e Execution: call the AMC program generating an output LaTeX file

amc imsrgtens.txt imsrgtens.tex -option
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How to work with AMC

* Text file: specify tensor mode, tensorial properties and LaTeX output

declare C { mode=(2,2), latex="C", scalar=False }
declare S { mode=(2,2), latex="S", scalar=False }
declare T { mode=(2,2), latex="T", scalar=False }
declare nbar { mode=2, diagonal=true, latex="\bar{n}" }

e Text file: specify symmetry-unrestricted working equations of many-body formalism
C pgrs = 1/2 * sum tu(nbar t * nbar u * S pgtu * T turs);
e Execution: call the AMC program generating an output LaTeX file

amc imsrgtens.txt imsrgtens.tex -option

* Possible options enable for fine-tuning of output for various end-users
- Switches for using reduced/unreduced matrix elements
- Various phase conventions for Wigner-Eckart theorem

- Using 9j-symbols instead of products of 6j-symbols
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Possible output

2.9 Term 9
1 A _ _ T A2 A2
abcJzJ3j2j3
Jr Jq Jo Je 2 J2 Jojin Jaja0 19J375.]
. . . . 0
X {]p jO JO} J3 J3 ].P Ar;gébzﬂ Baggztcljg)
Jq Ju Jo
2.10 Term 10
1 5 - _ _ 52 D
5 971,40 Jo Z (Ma M Ne — N Mo M) J2 75 3
abcJaJ3 5273
Jr Jq J2 Je J2 ) JajioJ3ja0 s JaisJ
(I dn B 35 Gy Bl A
J1 Ju Jo
2.11 Term 11
Ls Ti+jitiu 7.3 _ A
5 J1,J0 (_1) Jo Ji Z (na Np Ne — Nig Np nc) (_1) Yy Jy
abcJzJ3J4j5273
. . ) ; jc j2 JQ
22 ) Jr Jq J2 Ju Js Ja : . J252J37520 15J353.J4520
% . - 272372 J J
BRGS0 U e e f e e
J1 gt Jo
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plus 14 more pages ...
(derived in less than a second)
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Development process

| * Improving accuracy of many-body solution requires relaxing many-body truncation
I * Formal complexity will soon exceed boundaries of human capacities
§ ® Systematic approach needed to accelerate (nuclear) many-body developments

The AMC program

| * Graph-theory-based framework for angular-momentum simplifications
i * Easy interface with state-of-the-art many-body frameworks in nuclear physics
t ® Structure of code already anticipates future generation of source code

Future extensions

| * Application to partial-wave-decomposed form of PT expressions in nuclear matter ?'
t * Formulation of other symmetry reductions by extending to other symmetry groups |
§ ®* Generation of source code of symmetry-restricted tensor networks

A. Tichai — Automated Angular-Momentum Coupling in Many-Body Theory March 2020



One thing left to do ...
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Epilogue

e ‘STRONGINT’ group

- F. Alp, C. Brase, H. Gottling, S. Greif, K. Hebeler,
M. Heinz, . Hoppe, }. Keller, Y. Lim, M. PloBer,
S. Schifer, A. Schwenk, R. Seutin, C. Wellenhofer,
L. Zurek

Technische Universitat Darmstadt, Germany

e Collaborators

= T. Duguet, M. Frosini, F. Raimondi, V. Soma
CEA Saclay, France

= P. Arthuis, C. Barbieri DD LY
University of Surrey, UK SURREY
= S. Konig
NC State University, USA rp
= H. Hergert, D. Lee, R. Wirth M,CchﬁmE
Michigan State University, USA UNTVERS T
- G. Hagen, T. Papenbrock
Oak Ridge National Lab/University of Tennessee, USA OAK
= P. Demol RIDGE
KU Leuven, Belgium Hattonal Laborstory
= R. Roth

Technische Universitat Darmstadt, Germany

Chalmers University of Technology, Sweden
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https://theorie.ikp.physik.tu-darmstadt.de/strongint/people_ploesser.html
https://theorie.ikp.physik.tu-darmstadt.de/strongint/people_schaefer.html

