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Motivation

Main goals:

I develop tool to compute translationally invariant two-particle densities
from NCSM solutions

I investigation of short-range correlations for different interactions

Idea:
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1st

obtain
state from
the NCSM

2nd

calculate
two-particle
density

3rd

interpretation
of short-range
correlations



Two-Particle Density Matrix
in Coordinate Representation

ρ
(2)
{mt}(~x1, ~x2, ~x

′
1, ~x

′
2)

:=
∑

ms1ms2

〈ψ|Ψ̂ †ms1,mt1
(~x1)Ψ̂

†
ms2,mt2

(~x2)Ψ̂ms2,m′
t2
(~x ′2)Ψ̂ms1,m′

t1
(~x ′1)|ψ〉

March 4, 2020 | Institut für Kernphysik, TU Darmstadt | Marco Knöll | 3

ρ
(2)
{mt}(~r,

~R,~r ′, ~R ′)
Talmi-Moshinski
transformation

ρ
(2),trinv
{mt} (~r, ~r ′)

elim
inate

centerofm
ass

ρ
(2),trinv
{mt} (r) eliminate

angular dependencies



Two-Particle Density Matrix
in Coordinate Representation

ρ
(2)
{mt}(~x1, ~x2, ~x

′
1, ~x

′
2)

:=
∑

ms1ms2

〈ψ|Ψ̂†ms1,mt1
(~x1)Ψ̂

†
ms2,mt2

(~x2)Ψ̂ms2,m′
t2
(~x ′2)Ψ̂ms1,m′

t1
(~x ′1)|ψ〉

March 4, 2020 | Institut für Kernphysik, TU Darmstadt | Marco Knöll | 3

ρ
(2)
{mt}(~r,

~R,~r ′, ~R ′)
Talmi-Moshinski
transformation

ρ
(2),trinv
{mt} (~r, ~r ′)

elim
inate

centerofm
ass

ρ
(2),trinv
{mt} (r) eliminate

angular dependencies

Talmi-Moshinski transformation

ϕα1(~x1)ϕα2(~x2) =
∑
α,β
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~R)
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translational invariance

∫
d~R ϕ∗β(~R)ϕβ′(~R) = δββ′
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translationally invariant
two-particle density matrix

in terms of relative distance



Helium Isotopic Chain
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Investigation of nonlocal Interactions
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Similarity Renormalization Group
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Similarity Renormalization Group
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induced many-
body forces



Outlook

I investigation of chiral interactions

I observables from density matrices

I transfer to momentum space

I extension to hypernuclei
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Translationally Invariant
Two-Particle Densities
from the NCSM
Marco Knöll and Robert Roth

Motivation

Nuclear structure theory is highly de-
pendent on realistic nuclear interactions.
Their short-range behaviour strongly
depends on the underlying theoretical
model, resulting in major differences in
the medium- and short-range sector [1].
The ideal tool to illustrate short-range
correlations is the translationally invariant
two-particle density matrix in coordinate
representation. When transformed to rel-
ative coordinates, this allows us to study
nucleonic interactions for many-body
states obtained from the NCSM as well as
effects of the SRG on these interactions.

Translationally Invariant Density in Relative Coordinates

The general two-particle density matrix in coordinate representation is given by

ρ
(2)
{mt}(~x1, ~x2, ~x ′1, ~x ′2) =

∑
ms1ms2

〈ψ|Ψ†
ms1,mt1

(~x1)Ψ
†
ms2,mt2

(~x2)Ψms2,m′t2(~x
′
2)Ψms1,m′t1(~x

′
1)|ψ〉 .

Making use of Talmi-Moshinski transformations and eliminating any center-of-mass
dependencies results in a translationally invariant expression in terms of the relative
distance of the two particles such that

ρ
(2),trinv
{mt} (r) =
∑

α1α2α
′
1α
′
2

〈ψ|â†
α1

â†
α2

âα′2âα′1|ψ〉
∑
αα′β

Mαα′ββα1α2α
′
1α
′
2

R∗nl(r)Rn′l′(r)δl l′δmm′.

The matrix M consists of Clebsch-Gordan coefficients and harmonic oscillator brackets.

No-Core Shell Model (NCSM)

• many-body method to solve Schrödinger
equation for given nuclear Hamiltonian

H |ψ〉= E |ψ〉
• many-body model-space truncated via

total number of excitation quanta Nmax

• obtain many-body state for calculation
of density matrix

• translational invariance through separa-
tion of center-of-mass component due to
harmonic oscillator basis

|ψ〉= |ψint〉 ⊗ |ψcm〉

Interactions from Chiral Effective Field Theory

• 4He bare densities for nonlocal chiral interactions with Nmax = 8,10, 12 & ħhω= 36MeV

chiral order

0 1 2 3 4 5 6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

r [fm]

ρ
(r
)
[f
m

-
3
] NLOEMN,550

0 1 2 3 4 5 6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

ρ
(r
)
[f
m

-
3
]

NLOEMN,500

0 1 2 3 4 5 6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

ρ
(r
)
[f
m

-
3
]

NLOEMN,450

0 1 2 3 4 5 6

r [fm]

N2LOEMN,550

+N2LONL,550,cD2

0 1 2 3 4 5 6

N2LOEMN,500

+N2LONL,500,cD5

0 1 2 3 4 5 6

N2LOEMN,450

+N2LONL,450,cD10

0 1 2 3 4 5 6

r [fm]

N3LOEMN,550

+N3LONL,550,cD3

0 1 2 3 4 5 6

N3LOEMN,500

+N3LONL,500,cD4

0 1 2 3 4 5 6

N3LOEMN,450

+N3LONL,450,cD9

cutoff

• short-range suppression increases with increasing cutoff, while climbing up chiral
orders has no systematic effect

NL SMS SCS
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• no clear systematics for different regulator schemes

Helium Isotopic Chain (3He, 4He, 6He & 8He)
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• N3LOEMN,500, NN-only, bare

• similar shape of np densities
in all isotopes

• pp and nn densities develop short-range
correlation holes in heavier isotopes

• convergence is significantly slower
in heavier isotopes
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neutron-neutron
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Application of Similarity Renormalization Group (SRG) Transformations

• SRG transformation of Hamiltonian suppresses short-range correlations

• short-range information can be restored through consistent transformation of density
matrix but mid-range correlations from induced many-body forces remain

unevolved density evolved density
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SRG effects

• greatly improved convergence rate compared to bare calculations

Future Applications

• systematic investigation of chiral interactions with focus on short-range behaviour

• calculate observables from density matrix in coordinate space, e.g. two-body currents

• transfer to momentum space for analogous investigations

• extension to hypernuclei in order to study nucleon-hyperon and hyperon-hyperon
interactions
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