
Progress in Ab Initio Techniques in Nuclear Physics 
TRIUF Vancouver BC Canada 

March 3, 2020

Hermann Krebs 
Ruhr-Universität-Bochum

Consistently regularized Nuclear Forces 
and Currents in Chiral EFT

Collaborators: 
Epelbaum, Baru, Filin, Möller, Reinert, Meißner



Outline

Nuclear currents in chiral EFT up to N3LO
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ṼNN(~r )

r
2n

r2n

✓
1� exp

✓
r
2

R2

◆◆6

=

Z
d
3
l

(2⇡)3
V

prereg
NN (~q �~l )Gprereg

R (l)

1

J
µ

jµ

�,W,Z

p

N

l

l
0

A
0(~k = 0, k0 = 0) = A

0
LO(~k = 0, k0 = 0)

(g⇢)unquenched = 2.21(8)

�
2
/dof

T⇡ > 250MeV

d14�15 = �9.88(7)

⇤b ⇠ 600MeV

⇢

�

⇡
0

~j
N4LO
a (MPE, ~q1 )� ~A

a (Q)
2N:2⇡ � ~A

a (Q)
2N:1⇡ = �~q1

g
5
AA(q1)(4M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1

32⇡F 4
⇡q

2
1

+ rational function in ~q1 + 1 $ 2

V
R
NN(~q ) =

Z
d
3
r e

�i ~q·~r
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Symmetry preserving regularization

Application to em deuteron form factor

Nuclear forces in chiral EFT
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Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19



Long and Short Range Interactions
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Couplings of short-range interactions are fixed from NN - data.  
In the isospin limit we have:

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: no new terms

N2LO [Q3]: no new terms

Long range part of the nuclear forces are predictions (chiral symmetry of QCD) 
once couplings from single-nucleon subprocess are determined
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Short-Range LECs
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Conventional choice of 𝞬1,2,3 

leads to softer NN interactions
Do↵
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FIG. 1: (Color online) Left panel: Matrix elements of the N4LO potential of Ref. [7] in the 1S0,
3S1 and 3S1-

3D1 channels
in units of GeV�2. Right panel: the corresponding matrix elements after eliminating the redundant contact interactions by
setting Do↵

1S0 = Do↵
3S1 = Do↵

✏1 = 0. In both cases, the cuto↵ is chosen to be R = 0.9 MeV.

the parameters, which result in almost equally good �2 values. The flatness of the �2 function poses a challenge to
fitting algorithms, and it becomes extremely di�cult to find a minimum irrespective of its statistical significance.

It is instructive to compare the partial wave momentum-space matrix elements of the N4LO potential with and
without redundant contact interactions as visualized in Fig. 1. Clearly, the peaks in the o↵-diagonal matrix elements
in the 1S0, 3S1 channels for momenta of the order of ⇠ 600 MeV are driven by the o↵-shell contact interactions. Notice
that the corresponding LECs / Do↵

1S0
and / Do↵

3S1
were found in Ref. [6] to be rather large. The behavior of these

matrix elements suggests that the removal of the redundant interactions should lead to softer and more perturbative
interactions. The standard method for quantifying perturbativeness of a potential is based on the Weinberg eigenvalue

Softness of NN interaction 
for made choice of 𝞬1,2,3 
confirmed by Weinberg
eigenvalue analysis

+O(Q5)
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Slow convergence of fits to data at N3LO & beyond Redundancy of LECs



Chiral Expansion of np Phase Shifts

Good convergence of chiral expansion & excellent agreement with NPWA data— N4LO+ yields currently the best description of low-energy NN data below Elab = 300 MeV 
— About 40% less parameters (LECs) than in high-precision potentials [CD Bonn, AV18, Nijm I,II …]

— Clear evidence of the (parameter-free) chiral 2π exchange 

 NN data analysis
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th]

Convergence of the chiral expansion for np phase shifts
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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two-pion exchange terms derived in Ref. [4]. However, a systematic study of axial current

contributions at N4LO is still lacking. The other goal of the present work is to provide a

numerically exact estimate of these contributions in the 3H GT matrix element.

II. NUCLEAR AXIAL CURRENTS IN �EFT

In this section we report the expressions for the nuclear axial current in the limit of

vanishing external field momentum (denoted as q) [1]. Of course, pion-pole contributions in
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Here, A⇡ (AN / gA) refer to the lowest-order vertices that describe the coupling of the external axial source to a single

pion field (two nucleon fields). In the notation of Ref. [2], AN and A⇡ correspond to the Fock-space operators A
(0)

2,0

and A
(�1)

0,1
, respectively. Since the expressions for v
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The expressions for the non-pion-pole contributions have the form:
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These are the operators needed to derive the expression for the axial vector current in Eq. (42) at the vanishing
momentum of the external source. For the sake of completeness, we also give the operators leading the pion-pole
contributions:
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Here, A⇡ (AN / gA) refer to the lowest-order vertices that describe the coupling of the external axial source to a single

pion field (two nucleon fields). In the notation of Ref. [2], AN and A⇡ correspond to the Fock-space operators A
(0)

2,0

and A
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0,1
, respectively. Since the expressions for v
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The expressions for the non-pion-pole contributions have the form:
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These are the operators needed to derive the expression for the axial vector current in Eq. (42) at the vanishing
momentum of the external source. For the sake of completeness, we also give the operators leading the pion-pole
contributions:

v
(1)

5b, p
= ↵1

✓
⌘A⇡

�
1

!
V ⌘V

�
1

!3
V ⌘V

�
1

!
V ⌘ � ⌘A⇡

�
1

!
V ⌘V

�
1

!
V ⌘V

�
1

!3
V ⌘ � ⌘V

�
1

!3
V ⌘V

�
1

!
V ⌘A⇡

�
1

!
V ⌘

+ ⌘V
�
1

!
A⇡⌘V

�
1

!3
V ⌘V

�
1

!
V ⌘

◆
+ ↵2

✓
⌘A⇡

�
1

!
V ⌘V

�
1

!2
V
�
2

!
V
�
1

!
V ⌘ � ⌘A⇡

�
1

!
V ⌘V

�
1

!
V
�
2

!
V
�
1

!2
V ⌘

� ⌘V
�
1

!2
V
�
2

!
V
�
1

!
V ⌘A⇡

�
1

!
V ⌘ + ⌘V

�
1

!
A⇡⌘V

�
1

!2
V
�
2

!
V
�
1

!
V ⌘

◆
� ⌘A⇡

�
1

!3
V ⌘V

�
1

!
V ⌘V

�
1

!
V ⌘

� ⌘A⇡

�
1

!2
V ⌘V

�
1

!2
V ⌘V

�
1

!
V ⌘ � 1

2
⌘A⇡

�
1

!2
V ⌘V

�
1

!
V ⌘V

�
1

!2
V ⌘ + ⌘A⇡

�
1

!2
V ⌘V

�
1

!
V
�
2

!
V
�
1

!
V ⌘

+ ⌘A⇡

�
1

!2
V
�
2

!
V
�
1

!
V ⌘V

�
1

!
V ⌘ � 1

2
⌘A⇡

�
1

!
V ⌘V

�
1

!3
V ⌘V

�
1

!
V ⌘ � 3

8
⌘A⇡

�
1

!
V ⌘V

�
1

!2
V ⌘V

�
1

!2
V ⌘

+
1

2
⌘A⇡

�
1

!
V ⌘V

�
1

!2
V
�
2

!
V
�
1

!
V ⌘ � 1

2
⌘A⇡

�
1

!
V ⌘V

�
1

!
V ⌘V

�
1

!3
V ⌘ +

1

2
⌘A⇡

�
1

!
V ⌘V

�
1

!
V
�
2

!2
V
�
1

!
V ⌘

+
1

2
⌘A⇡

�
1

!
V ⌘V

�
1

!
V
�
2

!
V
�
1

!2
V ⌘ + ⌘A⇡

�
1

!
V
�
2

!2
V
�
1

!
V ⌘V

�
1

!
V ⌘ + ⌘A⇡

�
1

!
V
�
2

!
V
�
1

!2
V ⌘V

�
1

!
V ⌘

+
1

2
⌘A⇡

�
1

!
V
�
2

!
V
�
1

!
V ⌘V

�
1

!2
V ⌘ � ⌘A⇡

�
1

!
V
�
2

!
V
�
1

!
V
�
2

!
V
�
1

!
V ⌘ � ⌘A⇡

�
1

!
V
�
2

!
V
�
3

!
V
�
2

!
V
�
1

!
V ⌘

12

+
1

2
⌘A⇡

�
1

!
V ⌘H0⌘V

�
1

!3
V ⌘ +

1

2
⌘V

�
1

!3
V ⌘H0⌘A⇡

�
1

!
V ⌘ + ⌘AN⌘V E �

1

!3
V ⌘ � ⌘V E �

1

!2
AN

�
1

!
V ⌘

� 2⌘A⇡E
�
1

!3
V ⌘V

�
1

!
V ⌘ � 1

2
⌘A⇡E

�
1

!2
V ⌘V

�
1

!2
V ⌘ + ⌘A⇡E

�
1

!2
V
�
2

!
V
�
1

!
V ⌘ � ⌘A⇡

�
1

!2
V ⌘V E �

1

!2
V ⌘

� ⌘A⇡

�
1

!
V ⌘V E �

1

!3
V ⌘ + ⌘A⇡

�
1

!
V E �

2

!2
V
�
1

!
V ⌘ + ⌘A⇡

�
1

!
V
�
2

!
V E �

1

!2
V ⌘ � ⌘V E �

1

!3
V ⌘A⇡

�
1

!
V ⌘

� 1

2
⌘V E �

1

!2
A⇡⌘V

�
1

!2
V ⌘ + ⌘V E �

1

!2
A⇡

�
2

!
V
�
1

!
V ⌘ + ⌘V E �

1

!2
V
�
2

!
A⇡

�
1

!
V ⌘ + ⌘V

�
1

!
A⇡E

�
2

!2
V
�
1

!
V ⌘

+ h.c. . (B.4)

Here, A⇡ (AN / gA) refer to the lowest-order vertices that describe the coupling of the external axial source to a single

pion field (two nucleon fields). In the notation of Ref. [2], AN and A⇡ correspond to the Fock-space operators A
(0)

2,0

and A
(�1)

0,1
, respectively. Since the expressions for v
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are rather lengthy, we retain below only those contributions

which are relevant for the box diagrams, v(1)
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The expressions for the non-pion-pole contributions have the form:
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These are the operators needed to derive the expression for the axial vector current in Eq. (42) at the vanishing
momentum of the external source. For the sake of completeness, we also give the operators leading the pion-pole
contributions:
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Here, A⇡ (AN / gA) refer to the lowest-order vertices that describe the coupling of the external axial source to a single

pion field (two nucleon fields). In the notation of Ref. [2], AN and A⇡ correspond to the Fock-space operators A
(0)

2,0

and A
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, respectively. Since the expressions for v
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The expressions for the non-pion-pole contributions have the form:
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These are the operators needed to derive the expression for the axial vector current in Eq. (42) at the vanishing
momentum of the external source. For the sake of completeness, we also give the operators leading the pion-pole
contributions:
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Final results disagree even with properly adjusted unitary phases

Baroni et al. do not give explicit expression for       on the Fock-space level.v(1)5
<latexit sha1_base64="Zs5Kd6Cfq+7+bpyrdhQ4FAQBzos="></latexit>

This expression might clarify the disagreement
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FIG. 13: One-pion exchange diagrams leading to non-vanishing 1/m-contributions to ~A
(Q)
2N . Open rectangles refer to 1/m-

vertices from L(2)
⇡N . For remaining notation see Fig. 10.

current operator have the form
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where the vector-valued quantities ~Bi depend on various momenta and the Pauli spin matrices and are given by
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It is not quite straightforward to make a connection between the derived relativistic corrections to the axial current
operator and the corresponding 1/m-terms appearing in the 3N force at N3LO. This is because the later ones also

Naive local cut-off regularization of the current and potential

1/m - corrections to pion-pole OPE current
proportional to gA
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No such counter term in chiral Lagrangian
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To be compensated by two-pion-exchange current          if calculated via cutoff regularization~Aa (Q)
2N: 2⇡
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In dim. reg.          is finite~Aa (Q)
2N: 2⇡
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Higher Derivative Regularization

Change leading order pion - Lagrangian (modify free part)

Every derivative should be covariant one
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has to be invariant under               L(2)
⇡,⇤ SU(2)L ⇥ SU(2)R ⇥U(1)V

Lagrangian         should be formulated in terms of L(2)
⇡,⇤ U(~⇡(x)) 2 SU(2)
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Based on ideas: Slavnov, NPB31 (1971) 301;  
Djukanovic et al. PRD72 (2005) 045002; Long and Mei  PRC93 (2016) 044003

rµU = @µU � i(vµ + aµ)U + iU(vµ � aµ)U
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Building blocks

Gasser, Leutwyler ´84, ´85; Bernard, Kaiser, Meißner ´95
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Higher Derivative Regularization
Regularization of pion - Lagrangian will not affect nucleon Green function

Schrödinger or LS-equations get not modified

Only nuclear forces get affected

We are not going to change pion-nucleon Lagrangian

Not every chiral symmetric higher derivative extension of pion - Lagrangian 
leads to a regularized theory
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Unregularization of two propagators



Higher Derivative Regularization
Four-nucleon force as a regularization test

Only two linear combinations of momenta get regularized Unregularized 4NF

Which additional constrain is needed to construct a regularized theory?

All higher derivative terms of the non-linear sigma model Lagrangian
in Slavnov, NPB31 (1971) 301 are proportional to equation of motion

Generalize this idea to chiral EFT: all additional terms ~ EOM

classical equation of motion for pions



Higher Derivative Lagrangian
To construct a parity-conserving regulator it is convenient to work with building-blocks

Possible ansatz for higher derivative pion Lagrangian

Use dimensional regularization on top of higher derivative one
          regularization of remaining divergencies in pion sector



Modified Vertices
Enhanced by exp
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Every propagator is suppressed by

Pionic sector becomes unregularized

Use dimensional on top of higher derivative regularization 

Dimensional regularization will not affect effective potential and
Schrödinger or LS equations but will regularize pionic sector
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Regularization of Vector Current 
Modify pion-propagators in a vector current

Modify two-pion-photon vertex

Modified two-pion-photon vertex 
leads to exponential increase 
in momenta



Regularization of Vector Current 
Regularization of pion-exchange vector current

Riska prescription: longitudinal part of the current can be derived 
                               from continuity equation

Riska, Prog. Part. Nucl. Phys. 11 (1984) 199
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Deuteron Charge Formfactor Anatomy of the calculation
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FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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Deuteron wave functions: LO…N3LO WFs based on the RKE potentials. For N4LO, use 
the N4LO+ forces based on charge-dependent πN coupling constants [RKE, in preparation]

Friar ’77;  Schiavilla, Pandharipande ’02

Deuteron FFs in the Breit frame (                                     ):
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Radius and Quadrupole Moment
Deuteron charge radius                                            can be decomposed as follows

 Anatomy of the calculation

Deuteron charge radius                                            can be decomposed as follows:
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Deuteron structure radius is defined via
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and is precisely known from hydrogen-deuterium isotope shift measurements:
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Deuteron quadrupole moment                               has a similar decomposition:
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and is well known experimentally:
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Deuteron Charge Formfactor

 Chiral expansion of the charge operator
Consistent 1N operators expressible in terms of the nucleon FFs:
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main Darwin-Foldy spin-orbit

no need to rely on χ expansion of the 1N FFs known to converge slowly

1π-exchange 2N charge operator at N3LO (only relevant terms):

Same UTs affect relativistic corrections to the 2NF, 3NF
Minimal nonlocality (RKE): β8 = 1/4, β9 = -1/4
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quadrupole FFcharge FFs, S = 0, 1 

empirical information on 1N FFs

parameter-free

fixed from the structure radius and quadrupole moment

OPE 2N charge operator at N3LO (only relevant terms):
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1π-exchange 2N charge operator at N3LO (only relevant terms):

Same UTs affect relativistic corrections to the 2NF, 3NF
Minimal nonlocality (RKE): β8 = 1/4, β9 = -1/4
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of Ref. [26], the one-pion exchange charge density has to be
evaluated using the so-called minimal nonlocality choice with
�̄8 = 1/4 and �̄9 = �1/4. Although the pionic contributions
to the isoscalar charge density at N4LO have not been worked
out yet, the complete expression for the contact operators at
N4LO reads [42] (the contact term relevant for the quadrupole
moment of the deuteron was first derived in Ref. [18])

⇢
cont
2N = 2eGS

E(k
2)

�
Ak2 +B k2(�1 · �2) + C k · �1k · �2

�
,

where three low-energy constants (LECs) A,B and C con-
tribute to the deuteron charge FF in one linear combination
only, see supplementary material for details. The isoscalar
electric nucleon form factor, GS

E(k
2), is included in the two-

body operators to account for a non-pointlike character of
the NN� vertex. The chiral expansion of the electromag-
netic FFs of the nucleon is well known to converge slowly
as they turn out to be dominated by the contributions of vector
mesons [40, 41], which are not included as explicit degrees of
freedom in �EFT. Therefore, to minimize the impact of the
slow convergence of the chiral expansion of the nucleon FFs
on 2N observables, we employ up-to-date parameterizations
of the nucleon FFs from Ref. [28] as well as from several dis-
persive analyses of Refs. [29–31].

The 2N charge density operators ⇢1⇡2N and ⇢
cont
2N must be regu-

larized consistently with the employed 2N potentials. In order
to avoid short-range artifacts which could call into question
reliability of the calculated observables, the 2N charge den-
sity operators have to be derived using the same regulator as
employed in the 2N potentials. The regularization of the oper-
ators with the single pion propagator is worked out in Ref. [26]
and can be effectively written as a substitution:

1

p2 +M2
⇡

! 1

p2 +M2
⇡

exp

✓
�p2 +M

2
⇡

⇤2

◆
, (7)

where ⇤ is a fixed cutoff chosen consistently with the em-
ployed 2N potential in the range of 400–550 MeV. The pre-
scription for regularizing the squared pion propagator con-
sistent with the approach used in [26] can be obtained from
Eq. (7) by taking a derivative with respect to M

2
⇡ . To maintain

consistency between ⇢
cont
2N and the corresponding short-range

terms in the 2N potential after regularization, we exploit the
fact that both can be generated from the same unitary trans-
formation acting on the single-nucleon charge density and the
kinetic energy term, respectively [42].

Results and discussions. The calculated deuteron FF at
N4LO, Gth

C (Q), involves one unknown parameter (a combi-
nation of the LECs from ⇢

cont
2N ), which is extracted from a fit

to the world data for the deuteron charge form factor Gexp
C (Q)

from Refs. [43–45]. Here and in what follows, the N4LO re-
sults are obtained using the N4LO+ 2N potentials.

The function �
2 to be minimized in the fit is defined as

follows

�
2 =

X

i

(Gth
C (Qi)�G

exp
C (Qi))

2

�GC(Qi)
2 , (8)

FIG. 1. (Color online) Deuteron charge FF from the best fit to
data up to Q = 4 fm�1 evaluated for the cutoff ⇤ = 500 MeV
(solid red lines). Band between dashed (red) lines corresponds to a
1� error in the determination of the short-range contribution to the
charge density operator at N4LO. Light-shaded (orange dotted) band
corresponds to the estimated error (68% DoB) from truncation of the
chiral expansion at N4LO. Open violet circles, green triangles and
blue squares are experimental data from Refs. [43], [44] and [45],
respectively. Black solid circles correspond to the parameterization
of the deuteron FFs from Ref. [16, 46] which is not used in the fit and
shown just for comparison. The rescaled charge FF of the deuteron,
GC(Q)scaled, as defined in Ref. [16], is shown on a linear scale.

TABLE I. Deuteron structure radius squared predicted at N4LO in
�EFT (1st column) and the individual contributions to its uncer-
tainty: from the truncation of the chiral expansion (2nd), the statis-
tical error in the short-range charge density operator extracted from
GC(Q

2) (3rd), the errors from the statistical uncertainty in ⇡N LECs
from the Roy-Steiner analysis of Ref. [50, 51] propagated through
the variation in the deuteron wave functions (4th), the errors from
the statistical uncertainty in 2N LECs from the analysis of the 2N
observables of Ref. [26] (5th), the error from the choice of the max-
imal energy in the fit (6th) as well as the total uncertainty evaluated
using the sum of these numbers in quadrature (7th). All numbers are
given in fm2.

r2str truncation ⇢cont2N ⇡N LECs 2N LECs Q-range total
3.8933 ±0.0032 ±0.0037 ±0.0004 +0.0010

�0.0047 ±0.0017 +0.0053
�0.0070

where following Refs. [48, 49] the uncertainty �GC(Qi) be-
sides the experimental errors also takes into account theoret-
ical uncertainties from the truncation of the chiral expansion
estimated using the Bayesian approach and from the nucleon
form factors, as given in Refs. [27, 28], added in quadrature.
Throughout this analysis, we employ the Bayesian model
C̄

650
0.5�10 specified in Ref. [47] and assume the characteristic

momentum scale to be given by |k|/2 [22]. The results for
the deuteron charge FF from the best fit to data up to Q = 4

Best fit to data up to Q = 4 fm�1
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determination of short-range LECs 

1�
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Error band from Bayesian analysis: 
68% DoB, 
Furnstahl et al.´15;

⇤b = 600MeV
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Cutoff variation 
yields results within error bands

4

fm�1, evaluated for the cutoff ⇤ = 500 MeV, are visualized in
Fig. 1 together with the N4LO truncation errors and statistical
uncertainty of the strength of ⇢cont2N . We have verified that the
cutoff variation in the range of ⇤ = 400 . . . 550 MeV yields
results lying well within the truncation error band and that the
fits of a similar quality can be obtained by employing the nu-
cleon FFs from the dispersive analyses of Refs. [29–31] , see
Ref. [42] for a detailed discussion of various uncertainties.
The fit to data allows us to accurately extract the unknown
linear combination of LECs entering the charge density oper-
ator at N4LO and thus to make a parameter-free prediction for
the structure radius of the deuteron, which reads

rstr = 1.9731+0.0013
�0.0018 fm, (9)

with the individual contributions to the uncertainty given in
Table I. To make this uncertainty estimate conservatively, the
truncation error is actually included twice: (i) by perform-
ing the Bayesian analysis for r2str following the approach of
Ref. [47] and (ii) through the statistical uncertainty in the
short-range charge density extracted from the fit to G

exp
C (Q2)

using Eq. (8). Furthermore, we developed a phase-equivalent
version of the 2N potential using a different choice of the un-
observable phases �̄8 = �̄9 = 1/2 leading to ⇢

1⇡
2N = 0. Re-

peating the analysis for this choice of �̄8,9, the value of rstr is
found to agree with the one in Eq. (9) to all given figures. The
structure radius is also robust with respect to data used in the
fit: had we used the parameterization of data by Sick [16, 46]
instead of experimental data, we would have arrived at essen-
tially the same result.

Relying on our theoretical prediction for the structure ra-
dius, we are now in the position to predict the neutron charge
radius from Eqs. (1) and (2), which gives

r
2
n = �0.106+0.007

�0.005 fm2
. (10)

This value is 1.7� smaller than the one given by the PDG [9].
In summary, we presented a comprehensive analysis of the

deuteron charge form factor up to fifth order in �EFT. The
only unknown parameter enters the short-range 2N contribu-
tion to the charge density operator and is determined from
the best fit to the deuteron charge form factor. Equipped
with this information, we make a parameter-free prediction for
the structure radius of the deuteron and perform a thorough
analysis of various kinds of uncertainty. The high-accuracy
calculation of the structure radius, together with the high-
precision measurement of the hydrogen-deuterium 1S-2S iso-
tope shift [2], have allowed us to extract the neutron charge
radius.

Although it is natural to expect that the two-pion exchange
contributions to the charge density at N4LO, which have not
yet been worked out, are largely saturated by the short-range
contributions included in this analysis, the complete �EFT
calculation at this order would allow for an additional test of
the estimated theoretical uncertainty.

The results for the deuteron charge FF presented here pave
the way for an accurate determination of the isoscalar nucleon

FF by (re)analyzing the experimental data on elastic electron-
deuteron scattering at MAMI (see e.g. Ref. [52] for the new
measurement of the elastic ed scattering cross section at 0.24
fm�1Q  2.7 fm�1 at MAMI), Saclay [53] and other facil-
ities.
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Accurate extraction of LECs 
         Determination of deuteron
         structure radius

3

of Ref. [26], the one-pion exchange charge density has to be
evaluated using the so-called minimal nonlocality choice with
�̄8 = 1/4 and �̄9 = �1/4. Although the pionic contributions
to the isoscalar charge density at N4LO have not been worked
out yet, the complete expression for the contact operators at
N4LO reads [42] (the contact term relevant for the quadrupole
moment of the deuteron was first derived in Ref. [18])

⇢
cont
2N = 2eGS

E(k
2)

�
Ak2 +B k2(�1 · �2) + C k · �1k · �2

�
,

where three low-energy constants (LECs) A,B and C con-
tribute to the deuteron charge FF in one linear combination
only, see supplementary material for details. The isoscalar
electric nucleon form factor, GS

E(k
2), is included in the two-

body operators to account for a non-pointlike character of
the NN� vertex. The chiral expansion of the electromag-
netic FFs of the nucleon is well known to converge slowly
as they turn out to be dominated by the contributions of vector
mesons [40, 41], which are not included as explicit degrees of
freedom in �EFT. Therefore, to minimize the impact of the
slow convergence of the chiral expansion of the nucleon FFs
on 2N observables, we employ up-to-date parameterizations
of the nucleon FFs from Ref. [28] as well as from several dis-
persive analyses of Refs. [29–31].

The 2N charge density operators ⇢1⇡2N and ⇢
cont
2N must be regu-

larized consistently with the employed 2N potentials. In order
to avoid short-range artifacts which could call into question
reliability of the calculated observables, the 2N charge den-
sity operators have to be derived using the same regulator as
employed in the 2N potentials. The regularization of the oper-
ators with the single pion propagator is worked out in Ref. [26]
and can be effectively written as a substitution:

1

p2 +M2
⇡

! 1

p2 +M2
⇡

exp

✓
�p2 +M

2
⇡

⇤2

◆
, (7)

where ⇤ is a fixed cutoff chosen consistently with the em-
ployed 2N potential in the range of 400–550 MeV. The pre-
scription for regularizing the squared pion propagator con-
sistent with the approach used in [26] can be obtained from
Eq. (7) by taking a derivative with respect to M

2
⇡ . To maintain

consistency between ⇢
cont
2N and the corresponding short-range

terms in the 2N potential after regularization, we exploit the
fact that both can be generated from the same unitary trans-
formation acting on the single-nucleon charge density and the
kinetic energy term, respectively [42].

Results and discussions. The calculated deuteron FF at
N4LO, Gth

C (Q), involves one unknown parameter (a combi-
nation of the LECs from ⇢

cont
2N ), which is extracted from a fit

to the world data for the deuteron charge form factor Gexp
C (Q)

from Refs. [43–45]. Here and in what follows, the N4LO re-
sults are obtained using the N4LO+ 2N potentials.

The function �
2 to be minimized in the fit is defined as

follows

�
2 =

X

i

(Gth
C (Qi)�G

exp
C (Qi))

2

�GC(Qi)
2 , (8)

FIG. 1. (Color online) Deuteron charge FF from the best fit to
data up to Q = 4 fm�1 evaluated for the cutoff ⇤ = 500 MeV
(solid red lines). Band between dashed (red) lines corresponds to a
1� error in the determination of the short-range contribution to the
charge density operator at N4LO. Light-shaded (orange dotted) band
corresponds to the estimated error (68% DoB) from truncation of the
chiral expansion at N4LO. Open violet circles, green triangles and
blue squares are experimental data from Refs. [43], [44] and [45],
respectively. Black solid circles correspond to the parameterization
of the deuteron FFs from Ref. [16, 46] which is not used in the fit and
shown just for comparison. The rescaled charge FF of the deuteron,
GC(Q)scaled, as defined in Ref. [16], is shown on a linear scale.

TABLE I. Deuteron structure radius squared predicted at N4LO in
�EFT (1st column) and the individual contributions to its uncer-
tainty: from the truncation of the chiral expansion (2nd), the statis-
tical error in the short-range charge density operator extracted from
GC(Q

2) (3rd), the errors from the statistical uncertainty in ⇡N LECs
from the Roy-Steiner analysis of Ref. [50, 51] propagated through
the variation in the deuteron wave functions (4th), the errors from
the statistical uncertainty in 2N LECs from the analysis of the 2N
observables of Ref. [26] (5th), the error from the choice of the max-
imal energy in the fit (6th) as well as the total uncertainty evaluated
using the sum of these numbers in quadrature (7th). All numbers are
given in fm2.

r2str truncation ⇢cont2N ⇡N LECs 2N LECs Q-range total
3.8933 ±0.0032 ±0.0037 ±0.0004 +0.0010

�0.0047 ±0.0017 +0.0053
�0.0070

where following Refs. [48, 49] the uncertainty �GC(Qi) be-
sides the experimental errors also takes into account theoret-
ical uncertainties from the truncation of the chiral expansion
estimated using the Bayesian approach and from the nucleon
form factors, as given in Refs. [27, 28], added in quadrature.
Throughout this analysis, we employ the Bayesian model
C̄

650
0.5�10 specified in Ref. [47] and assume the characteristic

momentum scale to be given by |k|/2 [22]. The results for
the deuteron charge FF from the best fit to data up to Q = 4

All numbers in fm2

    smaller than PDG value1.7�
<latexit sha1_base64="J4TtYhlLFEWETWGnS09pDMRMUWw="></latexit>
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linear combination of LECs entering the charge density
operator at N4LO and thus to make a parameter-
free prediction for the structure radius of the deuteron,
which reads

rstr ¼ 1.9731þ0.0013
−0.0018 fm; ð9Þ

with the individual contributions to the uncertainty given in
Table I. To make this uncertainty estimate conservatively,
the truncation error is actually included twice: (i) by
performing the Bayesian analysis for r2str following the
approach of Ref. [51] and (ii) through the statistical

uncertainty in the short-range charge density extracted
from the fit to Gexp

C ðQ2Þ using Eq. (8). Furthermore, we
developed a phase-equivalent version of the 2N potential
using a different choice of the unobservable phases β̄8 ¼
β̄9 ¼ 1=2 leading to ρ1π2N ¼ 0. Repeating the analysis for
this choice of β̄8;9, the value of rstr is found to agree with the
one in Eq. (9) to all given figures. The structure radius is
also robust with respect to data used in the fit: had we used
the parametrization of data by Sick [16,52] instead of
experimental data, we would have arrived at essentially the
same result. For the sake of completeness, we also present
the results of the order-by-order calculations for rstr (in
units of fm) including the truncation error from the
Bayesian analysis, 1.9 % 0.4 (LO), 1.97 % 0.03 (NLO),
1.969 % 0.007 (N2LO), 1.969 % 0.002 (N3LO), 1.9731 %
0.0008 (N4LO). It is important to keep in mind that these
numbers are obtained without relying on the chiral expan-
sion of the nucleon form factors.
Relying on our theoretical prediction for the structure

radius, we are now in the position to predict the neutron
charge radius from Eqs. (1), (2), and (9), which gives

r2n ¼ −0.106þ0.007
−0.005 fm2: ð10Þ

This value is 1.7σ smaller than the one given by the
PDG [9].
In summary, we presented a comprehensive analysis of

the deuteron charge form factor up to fifth order in χEFT.
The only unknown parameter enters the short-range 2N
contribution to the charge density operator and is deter-
mined from the best fit to the deuteron charge form factor.
Equipped with this information, we make a parameter-free
prediction for the structure radius of the deuteron and
perform a thorough analysis of various kinds of uncertainty.
The high-accuracy calculation of the structure radius,
together with the high-precision measurement of the hydro-
gen-deuterium 1S-2S isotope shift [1], have allowed us to
extract the neutron charge radius.
Although it is natural to expect that the two-pion

exchange contributions to the charge density at N4LO,
which have not yet been worked out, are largely saturated
by the short-range contributions included in this analysis,

FIG. 1. Deuteron charge FF from the best fit to data up to
Q ¼ 4 fm−1 evaluated for the cutoff Λ ¼ 500 MeV (solid red
lines). Band between dashed (red) lines corresponds to a 1σ error
in the determination of the short-range contribution to the charge
density operator at N4LO. Light-shaded (orange dotted) band
corresponds to the estimated error (68% degree-of-belief) from
truncation of the chiral expansion at N4LO. Open violet circles
and green triangles are experimental data from Ref. [45] and
Refs. [46,47], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [16,52] which is
not used in the fit and shown just for comparison. The rescaled
charge FF of the deuteron, GCðQÞscaled, as defined in Ref. [16], is
shown on a linear scale.

TABLE I. Deuteron structure radius squared predicted at N4LO in χEFT (first column) and the individual
contributions to its uncertainty: from the truncation of the chiral expansion (second), the statistical error in the short-
range charge density operator extracted from GCðQ2Þ (third), the errors from the statistical uncertainty in πN LECs
from the Roy-Steiner analysis of Ref. [53,54] propagated through the variation in the deuteron wave functions
(fourth), the errors from the statistical uncertainty in 2N LECs extracted from the Granada 2013 2N database in
Ref. [26] (fifth), the error from the choice of the maximal energy in the fit (sixth), as well as the total uncertainty
evaluated using the sum of these numbers in quadrature (seventh). All numbers are given in fm2.

r2str Truncation ρcont2N πN LECs 2N LECs Q range Total

3.8933 % 0.0032 % 0.0037 % 0.0004 þ0.0010
−0.0047

% 0.0017 þ0.0053
−0.0070
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r2str := r2d � (r2p + r2n + r2DF)
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r2d � r2p = 3.82070(31) fm2
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Summary
Electroweak currents are analyzed up to order Q

Violation of chiral symmetry at one loop level if different 
regularizations for currents and forces are used

Higher derivative regularization respects chiral/gauge symmetries

Consistently regularized isoscalar part of em charge density operator  
is available

UT and TOPT currents are unitary equivalent on the Fock-space level

Final results for UT and TOPT currents are not unitary equivalent

Application to deuteron charge form factor: precise extraction of  
the neutron radius 



Call for Consistent Regularization
Violation of chiral symmetry due to different regularizations: Dim. reg. vs cutoff reg.

Naive local cut-off regularization of the current and potential

1/m - corrections to pion-pole OPE 
current proportional to gA

&

First iteration with OPE NN potential

No such D-like term in chiral Lagrangian

To be compensated by one-pion-two-pion-exchange            if calculated via cutoff regularization

In dim. reg.           is finite

V Q0,⇤
1⇡ = � g2A

4F 2
⇡

⌧1 · ⌧2
~q1 · ~�1~q1 · ~�2

q21 +M2
⇡

exp

✓
�q21 +M2

⇡

⇤2

◆
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FIG. 3. Tree diagrams contributing to the two-pion-exchange and one-pion-exchange-contact topology of the 3NF at N3LO. The solid
boxes denote insertions of either subsubleading di vertices from the effective pion-nucleon Lagrangian or the leading 1/m corrections. For
notation see Fig. 1.

there are also no contributions at N3LO from tree diagrams
involving one insertion of the higher-order di vertices in the
effective Lagrangian [see graphs (6) and (7) in Fig. 3] except
for the relativistic corrections which will be considered in
Sec. IV. As explained in Ref. [4], the contributions from these
diagrams are suppressed by at least one power of Q/m where
Q denotes a genuine soft scale.

We are thus left with Eqs. (2.1) and (2.3) as the only
nonvanishing contributions to the one-pion-exchange-contact
3NF topology. We now show that these terms cancel each
other exactly if one takes into account the antisymmetric
nature of few-nucleon states. In particular, we use the
identities

(
τ 3σ

i
3 + τ 2σ

i
2

)
A23 = 1

4

(
τ 3σ

i
3 + τ 2σ

i
2 − τ 3σ

i
2 − τ 2σ

i
3

+ τ 2 × τ 3[σ⃗2 × σ⃗3]i
)

≡ Bi ,

(τ 2 × τ 3[σ⃗2 × σ⃗3]i)A23 = 2Bi ,
(
τ 3σ

i
2 + τ 2σ

i
3

)
A23 = −Bi , (2.4)

where the superscript i refers to the Cartesian component of
the Pauli spin matrices and A23 denotes antisymmetrization
with respect to nucleons 2 and 3, which, for a momentum-
independent operator X, can be written in the form

(X)A23 ≡ 1
2

(
X − 1 + σ⃗2 · σ⃗3

2
1 + τ 2 · τ 3

2
X

)
. (2.5)

It is easy to see that adding the contribution from interchanging
the nucleons 2 and 3 to Eqs. (2.1) and (2.3) and performing
antisymmetrization with respect to these nucleons leads to
a vanishing result. Therefore, we conclude that there are no
one-pion-exchange-contact terms in the 3NF at N3LO.

III. TWO-PION-EXCHANGE-CONTACT TOPOLOGY

We now turn to the two-pion-exchange-contact diagrams
shown in Fig. 4. Evaluating the matrix elements of the
operators listed in Eq. (A1)

for diagrams (1)–(7) in this figure we find the g4
ACS and g4

ACT contributions to the two-pion-exchange-contact topology of the
form

V2π-cont = g4
ACT

8F 4
π

∫
d3l

(2π )3

[
τ 1 · τ 2

{(
1

ω4
+ω2

−
+ 1

ω2
+ω4

−

)[
q2

1 (q⃗1 · σ⃗2) (q⃗1 · σ⃗3) + 2q2
1 l2 (σ⃗2 · σ⃗3) − q2

1 (l⃗ · σ⃗2)(l⃗ · σ⃗3)

−q4
1 (σ⃗2 · σ⃗3) − l2(q⃗1 · σ⃗2)(q⃗1 · σ⃗3) + l2(l⃗ · σ⃗2)(l⃗ · σ⃗3) − l4(σ⃗2 · σ⃗3)

]
+

(
1

ω4
+ω2

−
− 1

ω2
+ω4

−

)

×
[
− q2

1 (q⃗1 · σ⃗2)(l⃗ · σ⃗3) + q2
1 (l⃗ · σ⃗2)(q⃗1 · σ⃗3) + l2(q⃗1 · σ⃗2)(l⃗ · σ⃗3) − l2(l⃗ · σ⃗2)(q⃗1 · σ⃗3)

]}

+2τ 2 · τ 3

(
1

ω4
+ω2

−
+ 1

ω2
+ω4

−

) [
q2

1 l2(σ⃗1 · σ⃗2) + q2
1 (l⃗ · σ⃗1)(l⃗ · σ⃗2) + (q⃗1 · l⃗)(q⃗1 · σ⃗1)(l⃗ · σ⃗2)

+(q⃗1 · l⃗)(l⃗ · σ⃗1)(q⃗1 · σ⃗2) − (q⃗1 · l⃗)2(σ⃗1 · σ⃗2) − l2(q⃗1 · σ⃗1)(q⃗1 · σ⃗2)
]
+ 6

(
1

ω4
+ω2

−
+ 1

ω2
+ω4

−

)

×
[
− q2

1 l2(σ⃗1 · σ⃗2) + q2
1 (l⃗ · σ⃗1)(l⃗ · σ⃗2) − (q⃗1 · l⃗)(q⃗1 · σ⃗1)(l⃗ · σ⃗2)

− (q⃗1 · l⃗)(l⃗ · σ⃗1)(q⃗1 · σ⃗2) + (q⃗1 · l⃗)2(σ⃗1 · σ⃗2) + l2(q⃗1 · σ⃗1)(q⃗1 · σ⃗2)
]]

DR= g4
ACT

48πF 4
π

{
2τ 1 · τ 2(σ⃗2 · σ⃗3)

[
3Mπ − M3

π

4M2
π + q2

1

+ 2
(
2M2

π + q2
1

)
A(q1)

]

+9
[
(q⃗1 · σ⃗1)(q⃗1 · σ⃗2) − q2

1 (σ⃗1 · σ⃗2)
]
A(q1)

}
, (3.1)
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FIG. 3. Tree diagrams contributing to the two-pion-exchange and one-pion-exchange-contact topology of the 3NF at N3LO. The solid
boxes denote insertions of either subsubleading di vertices from the effective pion-nucleon Lagrangian or the leading 1/m corrections. For
notation see Fig. 1.

there are also no contributions at N3LO from tree diagrams
involving one insertion of the higher-order di vertices in the
effective Lagrangian [see graphs (6) and (7) in Fig. 3] except
for the relativistic corrections which will be considered in
Sec. IV. As explained in Ref. [4], the contributions from these
diagrams are suppressed by at least one power of Q/m where
Q denotes a genuine soft scale.

We are thus left with Eqs. (2.1) and (2.3) as the only
nonvanishing contributions to the one-pion-exchange-contact
3NF topology. We now show that these terms cancel each
other exactly if one takes into account the antisymmetric
nature of few-nucleon states. In particular, we use the
identities
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where the superscript i refers to the Cartesian component of
the Pauli spin matrices and A23 denotes antisymmetrization
with respect to nucleons 2 and 3, which, for a momentum-
independent operator X, can be written in the form

(X)A23 ≡ 1
2

(
X − 1 + σ⃗2 · σ⃗3

2
1 + τ 2 · τ 3

2
X

)
. (2.5)

It is easy to see that adding the contribution from interchanging
the nucleons 2 and 3 to Eqs. (2.1) and (2.3) and performing
antisymmetrization with respect to these nucleons leads to
a vanishing result. Therefore, we conclude that there are no
one-pion-exchange-contact terms in the 3NF at N3LO.

III. TWO-PION-EXCHANGE-CONTACT TOPOLOGY

We now turn to the two-pion-exchange-contact diagrams
shown in Fig. 4. Evaluating the matrix elements of the
operators listed in Eq. (A1)

for diagrams (1)–(7) in this figure we find the g4
ACS and g4

ACT contributions to the two-pion-exchange-contact topology of the
form

V2π-cont = g4
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FIG. 3. Tree diagrams contributing to the two-pion-exchange and one-pion-exchange-contact topology of the 3NF at N3LO. The solid
boxes denote insertions of either subsubleading di vertices from the effective pion-nucleon Lagrangian or the leading 1/m corrections. For
notation see Fig. 1.

there are also no contributions at N3LO from tree diagrams
involving one insertion of the higher-order di vertices in the
effective Lagrangian [see graphs (6) and (7) in Fig. 3] except
for the relativistic corrections which will be considered in
Sec. IV. As explained in Ref. [4], the contributions from these
diagrams are suppressed by at least one power of Q/m where
Q denotes a genuine soft scale.

We are thus left with Eqs. (2.1) and (2.3) as the only
nonvanishing contributions to the one-pion-exchange-contact
3NF topology. We now show that these terms cancel each
other exactly if one takes into account the antisymmetric
nature of few-nucleon states. In particular, we use the
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where the superscript i refers to the Cartesian component of
the Pauli spin matrices and A23 denotes antisymmetrization
with respect to nucleons 2 and 3, which, for a momentum-
independent operator X, can be written in the form
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It is easy to see that adding the contribution from interchanging
the nucleons 2 and 3 to Eqs. (2.1) and (2.3) and performing
antisymmetrization with respect to these nucleons leads to
a vanishing result. Therefore, we conclude that there are no
one-pion-exchange-contact terms in the 3NF at N3LO.
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which implies that
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2m
,

∂
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2N: 1π

]

=
[
Ĥ (Q0)

2N: 1π ,
∂

∂k0
k · V̂(Q0)

1N: off−shell

]
= 0 . (3.7)

We now turn to the short-range terms. The leading static contribution to the current operator is generated by
tree-level diagrams at order Q1 and given in Eq. (5.3) of [29]. Clearly, the terms in k ·V(Q)

2N: cont proportional to

the LECsCi coincide with the corresponding contributions in [Ĥ (Q2)
2N: cont, V̂

0 (Q−3)
1N: static], while the ones proportional

to the LECs Li are purely transversal. Further, due to Eq. (3.4), we obtain

[
Ĥ (Q0)

2N: cont, V̂
0 (Q−1)
1N: static − ∂

∂k0
k · V̂(Q)

1N: off−shell

]
= 0. (3.8)

Thus, the continuity equation for the short-range current is fulfilled at order Q2 in the static limit. Since

V(Q)
2N: cont, 1/m = V 0 (Q−1)

1N: 1/m = ∂

∂k0
V(Q0)

2N: cont = V(Q0)
1N: off−shell = 0 , (3.9)

the continuity equation is trivially fulfilled for the short-range relativistic corrections at order Q2 as well.

4 Three-Nucleon Charge Operator

While the leading contributions to the three-nucleon current appear at order Q2 which is beyond the accuracy
of our study, the three-nucleon charge operator receives the leading contributions already at N3LO. Using the
method of UT and employing the choice of phases β̄i as specified in Sect. 1 and used in the derivation of the
one- and two-nucleon contributions, we obtain the following result for the diagrams ∼ g4

A shown in Fig. 1

V 0 (Q)
3N:π = −e g4

A

8F4
π

q1 · σ (1)

(q2
1 + M2

π )((q1 + q2)2 + M2
π )

(
(q1 + q2) · σ (3)
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π

+ q3 · σ (3)

q2
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π

)

×
(
i[τ (1) × τ (3)]3 + τ (1) · τ (3)τ

(2)
3 − τ (2) · τ (3)τ

(1)
3

)
(q2

1 + q1 · q2)

+ 5 permutations, (4.1)

while the ∼ g2
A contributions visualized in Fig. 2 have the form
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3N:π = e g2

A

16F4
π

q1 · σ (1)
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π

(
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×
(
τ (1) · τ (3)τ
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(1)
3

)
+ 5 permutations. (4.2)

There are also diagrams involving a single insertion of the leading-order contact interactions shown in Fig. 3,
which lead to the following result:

V 0 (Q)
3N: cont = −[τ (1) × τ (3)]3

e g2
ACT

2F2
π

(q2 + q3) · (σ (2) × σ (3))

(q2 + q3)2 + M2
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×
(
q1 · σ (1)

q2
1 + M2

π

+ (q2 + q3) · σ (1)

(q2 + q3)2 + M2
π

)
+ 5 permutations. (4.3)

To the best of our knowledge, the three-nucleon contributions to the charge operator have not been considered
before in the framework of chiral effective field theory.
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Fig. 1 Diagrams generating the g4
A-contribution to the long-range three-nucleon electromagnetic charge operator at N3LO.

Diagrams resulting from the application of the time reversal and permutation operations are not shown. Solid, dashed and wiggly
lines denote nucleons, pions and photons, in order

Fig. 2 Diagrams generating the g2
A-contribution to the long-range three-nucleon electromagnetic charge operator at N3LO.

Diagrams resulting from the application of the time reversal and permutation operations are not shown. For notations, see Fig. 1

Fig. 3 Diagrams generating the g2
A-contribution to the three-nucleon electromagnetic charge operator at N3LO which involve a

single insertion of the LO NN contact interactions. Diagrams resulting from the application of the time reversal and permutation
operations are not shown. For notations, see Fig. 1

5 Summary and Conclusions

In this paper, we have completed the derivation of the nuclear electromagnetic current and charge operators
to fourth order (N3LO) in the chiral expansion. The corresponding contributions, obtained using dimensional
regularization, are summarized in Tables 1 and 2.

The main results of our study can be summarized as follows:

– We have analyzed the single-nucleon contributions to the electromagnetic four-current at the one-loop level
using the method of UT and identified the choice of the unitary transformations leading to a renormalized
result. We also provide a parametrization of the single-nucleon operators including the leading and sub-
leading relativistic corrections in terms of the electromagnetic form factors of the nucleon. Apart from the
well known on-shell pieces, see e.g. [40], we found an additional energy-dependent off-shell contribution
to the current operator whose form is dictated by the renormalizability constraint.

– We have verified the completeness of the expressions for the two-nucleon contributions derived in Ref. [28,
29] without considering possible energy-dependent pieces due to the explicit time-dependence of the
employed unitary transformations, see Ref. [33] for more details. For the choice of unitary phases β̄i
adopted in Refs. [29], the two-nucleon current operator Vµ

2N is found to be k0-independent.
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Fig. 3 Diagrams generating the g2
A-contribution to the three-nucleon electromagnetic charge operator at N3LO which involve a

single insertion of the LO NN contact interactions. Diagrams resulting from the application of the time reversal and permutation
operations are not shown. For notations, see Fig. 1

5 Summary and Conclusions

In this paper, we have completed the derivation of the nuclear electromagnetic current and charge operators
to fourth order (N3LO) in the chiral expansion. The corresponding contributions, obtained using dimensional
regularization, are summarized in Tables 1 and 2.

The main results of our study can be summarized as follows:

– We have analyzed the single-nucleon contributions to the electromagnetic four-current at the one-loop level
using the method of UT and identified the choice of the unitary transformations leading to a renormalized
result. We also provide a parametrization of the single-nucleon operators including the leading and sub-
leading relativistic corrections in terms of the electromagnetic form factors of the nucleon. Apart from the
well known on-shell pieces, see e.g. [40], we found an additional energy-dependent off-shell contribution
to the current operator whose form is dictated by the renormalizability constraint.

– We have verified the completeness of the expressions for the two-nucleon contributions derived in Ref. [28,
29] without considering possible energy-dependent pieces due to the explicit time-dependence of the
employed unitary transformations, see Ref. [33] for more details. For the choice of unitary phases β̄i
adopted in Refs. [29], the two-nucleon current operator Vµ

2N is found to be k0-independent.
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We now turn to the short-range terms. The leading static contribution to the current operator is generated by
tree-level diagrams at order Q1 and given in Eq. (5.3) of [29]. Clearly, the terms in k ·V(Q)

2N: cont proportional to

the LECsCi coincide with the corresponding contributions in [Ĥ (Q2)
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0 (Q−3)
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Thus, the continuity equation for the short-range current is fulfilled at order Q2 in the static limit. Since

V(Q)
2N: cont, 1/m = V 0 (Q−1)

1N: 1/m = ∂

∂k0
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1N: off−shell = 0 , (3.9)

the continuity equation is trivially fulfilled for the short-range relativistic corrections at order Q2 as well.

4 Three-Nucleon Charge Operator

While the leading contributions to the three-nucleon current appear at order Q2 which is beyond the accuracy
of our study, the three-nucleon charge operator receives the leading contributions already at N3LO. Using the
method of UT and employing the choice of phases β̄i as specified in Sect. 1 and used in the derivation of the
one- and two-nucleon contributions, we obtain the following result for the diagrams ∼ g4

A shown in Fig. 1
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while the ∼ g2
A contributions visualized in Fig. 2 have the form
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There are also diagrams involving a single insertion of the leading-order contact interactions shown in Fig. 3,
which lead to the following result:

V 0 (Q)
3N: cont = −[τ (1) × τ (3)]3

e g2
ACT

2F2
π

(q2 + q3) · (σ (2) × σ (3))

(q2 + q3)2 + M2
π

×
(
q1 · σ (1)

q2
1 + M2

π

+ (q2 + q3) · σ (1)

(q2 + q3)2 + M2
π

)
+ 5 permutations. (4.3)

To the best of our knowledge, the three-nucleon contributions to the charge operator have not been considered
before in the framework of chiral effective field theory.
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Shorter-range contributions to three-nucleon charge at order Q
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From approximate SU(4) Wigner symmetry arguments
are expected to be suppressed: CS  >>  CT
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Fig. 1 Diagrams generating the g4
A-contribution to the long-range three-nucleon electromagnetic charge operator at N3LO.

Diagrams resulting from the application of the time reversal and permutation operations are not shown. Solid, dashed and wiggly
lines denote nucleons, pions and photons, in order

Fig. 2 Diagrams generating the g2
A-contribution to the long-range three-nucleon electromagnetic charge operator at N3LO.

Diagrams resulting from the application of the time reversal and permutation operations are not shown. For notations, see Fig. 1

Fig. 3 Diagrams generating the g2
A-contribution to the three-nucleon electromagnetic charge operator at N3LO which involve a

single insertion of the LO NN contact interactions. Diagrams resulting from the application of the time reversal and permutation
operations are not shown. For notations, see Fig. 1

5 Summary and Conclusions

In this paper, we have completed the derivation of the nuclear electromagnetic current and charge operators
to fourth order (N3LO) in the chiral expansion. The corresponding contributions, obtained using dimensional
regularization, are summarized in Tables 1 and 2.

The main results of our study can be summarized as follows:

– We have analyzed the single-nucleon contributions to the electromagnetic four-current at the one-loop level
using the method of UT and identified the choice of the unitary transformations leading to a renormalized
result. We also provide a parametrization of the single-nucleon operators including the leading and sub-
leading relativistic corrections in terms of the electromagnetic form factors of the nucleon. Apart from the
well known on-shell pieces, see e.g. [40], we found an additional energy-dependent off-shell contribution
to the current operator whose form is dictated by the renormalizability constraint.

– We have verified the completeness of the expressions for the two-nucleon contributions derived in Ref. [28,
29] without considering possible energy-dependent pieces due to the explicit time-dependence of the
employed unitary transformations, see Ref. [33] for more details. For the choice of unitary phases β̄i
adopted in Refs. [29], the two-nucleon current operator Vµ

2N is found to be k0-independent.
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We now turn to the short-range terms. The leading static contribution to the current operator is generated by
tree-level diagrams at order Q1 and given in Eq. (5.3) of [29]. Clearly, the terms in k ·V(Q)

2N: cont proportional to

the LECsCi coincide with the corresponding contributions in [Ĥ (Q2)
2N: cont, V̂

0 (Q−3)
1N: static], while the ones proportional

to the LECs Li are purely transversal. Further, due to Eq. (3.4), we obtain

[
Ĥ (Q0)

2N: cont, V̂
0 (Q−1)
1N: static − ∂

∂k0
k · V̂(Q)

1N: off−shell

]
= 0. (3.8)

Thus, the continuity equation for the short-range current is fulfilled at order Q2 in the static limit. Since

V(Q)
2N: cont, 1/m = V 0 (Q−1)

1N: 1/m = ∂

∂k0
V(Q0)

2N: cont = V(Q0)
1N: off−shell = 0 , (3.9)

the continuity equation is trivially fulfilled for the short-range relativistic corrections at order Q2 as well.

4 Three-Nucleon Charge Operator

While the leading contributions to the three-nucleon current appear at order Q2 which is beyond the accuracy
of our study, the three-nucleon charge operator receives the leading contributions already at N3LO. Using the
method of UT and employing the choice of phases β̄i as specified in Sect. 1 and used in the derivation of the
one- and two-nucleon contributions, we obtain the following result for the diagrams ∼ g4

A shown in Fig. 1

V 0 (Q)
3N:π = −e g4

A

8F4
π

q1 · σ (1)

(q2
1 + M2

π )((q1 + q2)2 + M2
π )

(
(q1 + q2) · σ (3)

(q1 + q2)2 + M2
π

+ q3 · σ (3)

q2
3 + M2

π

)

×
(
i[τ (1) × τ (3)]3 + τ (1) · τ (3)τ

(2)
3 − τ (2) · τ (3)τ

(1)
3

)
(q2

1 + q1 · q2)

+ 5 permutations, (4.1)

while the ∼ g2
A contributions visualized in Fig. 2 have the form

V 0 (Q)
3N:π = e g2

A

16F4
π

q1 · σ (1)

q2
1 + M2

π

(
(q1 + q2) · σ (3)

q1 + q2)2 + M2
π

+ q3 · σ (3)

q2
3 + M2

π

)

×
(
τ (1) · τ (3)τ

(2)
3 − τ (2) · τ (3)τ

(1)
3

)
+ 5 permutations. (4.2)

There are also diagrams involving a single insertion of the leading-order contact interactions shown in Fig. 3,
which lead to the following result:

V 0 (Q)
3N: cont = −[τ (1) × τ (3)]3

e g2
ACT

2F2
π

(q2 + q3) · (σ (2) × σ (3))

(q2 + q3)2 + M2
π

×
(
q1 · σ (1)

q2
1 + M2

π

+ (q2 + q3) · σ (1)

(q2 + q3)2 + M2
π

)
+ 5 permutations. (4.3)

To the best of our knowledge, the three-nucleon contributions to the charge operator have not been considered
before in the framework of chiral effective field theory.


