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Isospin-violating two-nucleon interactions

Detailed understanding of isospin-breaking
nuclear interactions is needed for precision
nuclear physics:

in collaboration with Patrick Reinert and Hermann Krebs

— BEs of mirror nuclei, low-energy 3N
     scattering, nd scattering length, 
     beta-decay, … 



 SMS NN forces up to N4LO+ [Reinert, Krebs, EE, EPJA 54 (18)]



 SMS NN forces up to N4LO+ [Reinert, Krebs, EE, EPJA 54 (18)]

Experimental data:

The coherent np scattering length bnp = 3.7405(9) fm, deuteron BE Bd = 2.224575(9) MeV 
and some deuteron properties

About 8000 published np and pp scattering data below Elab = 350 MeV. Granada 2013 
database of mutually compatible data: 2996 pp + 3717 np data.
[Navarro-Perez, Amaro, Ruiz Arriola ’13]
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Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j
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● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
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pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

pp rejection rate ~ 11% np rejection rate ~ 31%



 Long-range electromagnetic NN interactions
Dominant long-range electromagnetic interactions are taken into account in all 
PWAs of NN scattering

— The Coulomb potential

— Magnetic moment interaction (Schwinger-Mott) [Stoks, de Swart 90] 

— Two-photon exchange (the modified Coulomb potential) [Austin, de Swart 83] 

— Vacuum polarization [Durand III 57] 

Short-range parts of the e.m. potentials (FFs) are shifted to the strong NN force 

Notice:

E.m. scattering amplitudes are either known in a closed form or have to be eva-
luated numerically by summing of > 1000 partial waves…

e+

e—



 Chiral expansion of the NN amplitude
How far in the χ expansion does one need to go to obtain a precise description of data?
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 Chiral expansion of the NN amplitude
How far in the χ expansion does one need to go to obtain a precise description of data?
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— good description of the data
— but what is the actual accuracy of the theory?



 Uncertainty quantification
In most cases, the uncertainty is dominated by truncation errors. Consider an observable X(p):

where

known from explicit calculations truncation error δX(k)
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 Uncertainty quantification
In most cases, the uncertainty is dominated by truncation errors. Consider an observable X(p):

where

known from explicit calculations truncation error δX(k)
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In [EE, Krebs, Meißner, EPJA 51 (15) 53], a simple algorithm was proposed (1-st term dominance):

Disadvantage: no obvious statistical interpretation of the truncation errors…
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 Uncertainty quantification
In most cases, the uncertainty is dominated by truncation errors. Consider an observable X(p):
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Bayesian approach by the BUQEYE Collaboration Furnstahl et al. ’15, ’17

— rescale X to make the coefficients dim-less:

— calculate pdf for the dimension-less residual to take the value                                 :
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— assume that ci’s are distributed according to some common pdf                (≡ prior)
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In [EE, Krebs, Meißner, EPJA 51 (15) 53], a simple algorithm was proposed (1-st term dominance):

Disadvantage: no obvious statistical interpretation of the truncation errors…
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 The 2N system
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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How far in the χ expansion does one need to go to obtain a precise description of data?
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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How far in the χ expansion does one need to go to obtain a precise description of data?

Elab bin LO NLO N
2
LO N

3
LO N
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LO N

4
LO

+

neutron-proton scattering data

0 � 100 73 2.2 1.2 1.08 1.08 1.07

0 � 200 62 5.4 1.8 1.09 1.08 1.06

0 � 300 75 14 4.4 1.99 1.18 1.10

proton-proton scattering data

0 � 100 2300 10 2.1 0.91 0.88 0.86

0 � 200 1780 91 33 2.00 1.42 0.95

0 � 300 1380 89 38 3.42 1.67 0.99
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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Are we done in the 2N sector?

Almost… In the fitted range of Elab = 0-280 MeV, we obtain χ2 = 5003 for 4895 np + pp 
scattering data,  which leads to  χ2 / Ndat = 1.022  or  χ2 / (Ndat - NLEC) = 1.028
Can this be traced back to the incomplete treatment of IB corrections?
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Parameter-free: depend on δMπ, δm = 1.29 MeV and 
(δm)QCD = 2.05(30) MeV [Gasser, Leutwyler ’75]

Depend on 3 πN coupling constants + 3 IB contact 
terms in p-waves
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
�
µ
GA(p

0
� p) +

(p0
� p)µ

2mN

GP (p
0
� p)

�
�5

⌧i

2
u(p) , (1)

gA ⌘ GA(0) = 1.2724(23)

F⇡g⇡NN = gAmN(1 + �GT)

r
2

str
= r

2

d
� r

2

p
� r

2

n
�

3

4m2

p

(2)

r
2

d
� r

2

p
= 3.82070(31)fm2 (3)

a
+

0+
= �24.1[Q2] + 9.3[Q3] + 9.1[Q4] = �5.7 (4)

a
�
1+

= �67.4[Q2] � 7.7[Q3] � 3.0[Q4] = �78.1 (5)

a
+

0+
= � 7.8[✏2] + 9.0[✏3] � 1.9[✏4] = �0.7 (6)

a
�
1+

= �83.2[✏2] + 3.7[✏3] � 1.6[✏4] = �81.1 (7)

a
+

0+
= �0.9 ± 1.4, a

�
1+

= �80.3 ± 1.1

GC(Q
2) =

1

3e

1

2P0

X

�

hP
0
,�|J

0

B
|P,�i (8)

1

2P0

hP
0
,�

0
| J

µ

B
|P,�i =

Z
d
3
l1

(2⇡)3
d
3
l2

(2⇡)3
 

†
�0

✓
l2 +

k

4
, vB

◆
J

µ

B
 �

✓
l1 �

k

4
,�vB

◆
, (9)

�8 = �9 = 1/2 =) ⇢
1⇡

2N
= 0 (10)

1

— induced pseudoscalar FF at the pion pole:

(0, ~k)
(P0, �

~k/2), �d

(P0,
~k/2), �0

d

rstr = 1.971 fm

r
th

str
= 1.9729(10) fm

hN(p0)|Aµ

i
(0)|N(p)i = ū(p0)
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
�
µ
GA(p

0
� p) +

(p0
� p)µ

2mN

GP (p
0
� p)

�
�5

⌧i

2
u(p) , (1)

gA ⌘ GA(0) = 1.2724(23)

⇡
0

⇡
±

p n p(n) n(p)
1
p
2

GP (q) =
4mNF⇡g⇡NN

M2

⇡
� q2

+ non-pole terms

F⇡g⇡NN = gAmN(1 + �GT)

r
2

str
= r

2

d
� r

2

p
� r

2

n
�

3

4m2

p

(2)

r
2

d
� r

2

p
= 3.82070(31)fm2 (3)

a
+

0+
= �24.1[Q2] + 9.3[Q3] + 9.1[Q4] = �5.7 (4)

a
�
1+

= �67.4[Q2] � 7.7[Q3] � 3.0[Q4] = �78.1 (5)

a
+

0+
= � 7.8[✏2] + 9.0[✏3] � 1.9[✏4] = �0.7 (6)

a
�
1+

= �83.2[✏2] + 3.7[✏3] � 1.6[✏4] = �81.1 (7)

a
+

0+
= �0.9 ± 1.4, a

�
1+

= �80.3 ± 1.1

GC(Q
2) =

1

3e

1

2P0

X

�

hP
0
,�|J

0

B
|P,�i (8)

1

(0, ~k)
(P0, �

~k/2), �d

(P0,
~k/2), �0

d

rstr = 1.971 fm

r
th

str
= 1.9729(10) fm

hN(p0)|Aµ

i
(0)|N(p)i = ū(p0)
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Granada 2017 [Perez et al., PRC95 (17)]: clear evidence of charge dependence of πN constants! 
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Consider a fixed database in the energy range from 0…Emax. 
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uniform Gaussian with C = 5

However, for any set of      need to evaluate a 30 (   ) + 1 (   ) dimensional integral… 😢
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Consider a fixed database in the energy range from 0…Emax. 

Determination of the πN constants
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How strong do the results depend on the employed p(Λ) prior (i.e. cutoff range)?
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uniform Gaussian with C = 5

However, for any set of      need to evaluate a 30 (   ) + 1 (   ) dimensional integral… 😢
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Consider a fixed database in the energy range from 0…Emax. 

Determination of the πN constants

3 πN couplings 25 IC + 5 IB short-range LECs
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Figure 7. Absolute values of the contact interaction LECs in natural units at the order N4LO+ for all
considered cutoffs. Error bars represent the statistical errors of the LECs.

constrained by the more precise proton-proton data. Since we perform a combined fit of neutron-proton
and proton-proton data, the isovector partial waves are not only constrained by more precise data but
also by more data in general compared to the isoscalar partial waves which have to be extracted from
neutron-proton data alone. The covariance matrix also gives access to the correlations among the LECs. As
to be expected, correlations mostly occur among LECs entering the same partial waves with the largest ones
arising in the channels with the most parameters, namely in the 1S0 and 3S1 �

3D1 channels. Nevertheless,
all LECs are well-constrained as can already be seen by looking at the errors in Fig. 7. We can further look
at the largest eigenvalue of the covariance matrix of the natural LECs as a measure of how well-determined
the parameters are. Throughout the considered range of the cutoff ⇤ = 400 � 550 MeV, the largest
eigenvalue of the covariance matrix does not exceed 0.1 and is ⇠ 0.08 for ⇤ = 450 MeV.

From the point of view of data fitting, another check concerns the statistical assumptions underlying a �2

fit. One usually assumes that the residuals ri = (Oexp

i � Oth

i )/�Oi follow a normal distribution N (0, 1)
with zero mean and unit standard deviation. Here Oexp

i and �Oi are the experimental value and its error of
an observable and Oth

i is its calculated ”theoretical” value. If the assumptions on the normally-distributed
residuals can be verified, this confirms that the data are described sufficiently well by the theoretical model.
An easy and often employed check is the value of �2 per degree of freedom. For the N4LO+ fit with
⇤ = 450 MeV we get �2 = 4708.65 in the fitting range of Elab = 0 � 260 MeV with the number of data
Ndat = 4616 and the number of parameters Npar = 27. Consequently, we obtain �2/⌫ = 1.026 with
⌫ = Ndat�Npar. If the residuals are indeed normal-distributed then �2/⌫ should follow the �2-distribution
and yields �2/⌫ = 1 ±

p
2/⌫ = 1 ± 0.021 as the 68% confidence interval.

We can go one step beyond this simple check and plot the quantiles of the empirical distribution of
residuals ri that we obtain against the quantiles of the assumed normal distribution N (0, 1). If they are
the same, they should lie on the diagonal line x = y. In order to statistically quantify deviations from the
diagonal, confidence bands have been derived with one of the most recent and most sensitive being the ones
by Aldor-Noiman et al. [145]. This graphical test for normal-distributed residuals has been first applied
to the analysis of nucleon-nucleon scattering by Navarro Pérez et al. [146] and named the ”tail-sensitive
test” in that publication. Fig. 8 shows a rotated quantile-quantile plot for the N4LO+ residuals at ⇤ = 450
MeV where the theoretical quantiles have been subtracted from the empirical ones on the y-axis, turning
the diagonal line into a horizontal one. As evident from the figure, the empirical distribution of residuals
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Results for the N4LO+ of Reinert, Krebs, EE, EPJA 54 (18)

Naturalness prior (C = 5) plays a very minor role



 Determination of the πN constants

Performed own (recursive) data selection for the optimal choice of Λ = 463 MeV. Results 
for Emax = {220, 240, 260, 280, 300} MeV are found to be consistent with each other. 

Resulting database below 280 MeV:   2096 pp data  +  2836 np data
Granada-2017:   2083 pp data  +  2859 np data
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To estimate the uncertainty from the truncation of the EFT expansion performed weighted 
averaging of 3 models which differ by N5LO terms:

Subleading πγ-exchange 
(1/m-corrections)

Overview of isospin-breaking contributions

...... ...

N4LO

N3LO

N2LO

NLO

3

IB πN coupling constant 
in the subleading TPE

r [fm] 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

Ṽ (lo)
S –52.3 –27.4 –15.0 –8.30 –4.54 –2.35 –1.07 –0.31 0.13 0.37 0.50

Ṽ (lo)
T –48.3 –9.26 3.93 8.06 8.79 8.26 7.31 6.29 5.34 4.49 3.76

Ṽ (κv)
S 61.2 27.7 14.0 7.63 4.41 2.67 1.67 1.08 0.72 0.49 0.34

Ṽ (κv)
T –230 –100 –49.1 –26.0 –14.6 –8.64 –5.31 –3.37 –2.19 –1.46 –0.99

Ṽ (κ∗)
S 14.3 5.87 2.70 1.35 0.72 0.41 0.24 0.15 0.09 0.06 0.04

Ṽ (κ∗)
T –36.4 –14.3 –6.32 –3.07 –1.60 –0.88 –0.51 –0.30 –0.19 –0.12 –0.08

Table I: Pion-photon exchange pn-potentials in units of keV versus the nucleon distance r. The
spin-spin and tensor potentials Ṽ (lo)

S,T correspond to the leading order in the chiral expansion. The

next-to-leading order corrections Ṽ (κv)
S,T are proportional to the large isovector magnetic moment

κv = 4.7 of the nucleon, and Ṽ (κ∗)
S,T arise from the magnetic ∆ → Nγ transition.

The notation ImTπγ is meant here such that one is taking the imaginary part of the amplitude
standing to the right of the spin- and isospin factors.

N,∆ N,∆

Fig. 1: Pion-photon exchange diagrams generating a non-vanishing imaginary part. The heavy
dot symbolizes the magnetic coupling of the photon to the nucleon, or the magnetic ∆ → Nγ
transition. Diagrams for which the role of both nucleons is interchanged are not shown. These
lead effectively to a doubling of the NN-potential.

Now we turn to the dominant next-to-leading correction to the πγ-exchange NN-potential
proportional to the large isovector magnetic moment κv = 4.7. The relevant one-loop diagrams
with a nucleon in the intermediate state are shown in Fig. 1. The pertinent Feynman rules can
be found in appendix A of ref.[7]. From the calculated spectral function, (µ2 −m2

π)/µ
5 times a

polynomial in µ2 and m2
π, we can derive (via a once-subtracted dispersion relation) the following

expression for the T-matrix in momentum space:

T (κv)
πγ =

αg2Aκv

64Mf 2
πq

3
(τ⃗1 · τ⃗2 − τ 31 τ

3
2 )

{
σ⃗1 · σ⃗2

[
(m2

π + q2)(3q2 −m2
π) arctan

q

mπ

+m3
πq

]

+
1

q2
σ⃗1 · q⃗ σ⃗2 · q⃗

[
(m2

π + q2)(3m2
π − 5q2) arctan

q

mπ

+ 3mπq(q
2 −m2

π)
]}

. (6)

As a side remark we note that the contribution proportional to the isoscalar magnetic moment
κs = 0.88 vanishes identically. The reason for this feature are the vanishing angular integrals:
−
∫ 1
−1 dz z

−1 = 0 =
∫ 1
−1 dz z. Fourier transformation of Eq.(6) to coordinate space yields spin-spin

and tensor potentials of the following simple analytical form:

Ṽ (κv)
S (r) =

αg2Aκv

48πMf 2
π

e−mπr

r4
(1 +mπr) , (7)

3

[Kaiser 2006]



 Marginalized PDFs (preliminary)



 Statistical validity checks
Published RKE potential: incomplete IB effects, Granada 2013 database, Emax = 280 MeV:

χ2 = 5003 for 4895 pp+nn data           χ2 / Ndat = 1.022;   χ2 / (Ndat - Npar) = 1.028

Complete treatment of IB effects, own data selection, Emax = 280 MeV:

Granada 2017 PWA, Emax = 350 MeV:
χ2 = 6856 for 6741 pp+nn data           χ2 / Ndat = 1.017;   χ2 / (Ndat - Npar) = 1.025

27 + 1

55



 Normality checks
Do the outcoming residuals follow a normal distribution?

Tail-sensitive rotated quantile-quantile plot (Λ = 463 MeV, Emax = 280 MeV)
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Figure 6: Extended Data Figure 3: Tail-sensitive rotated quantile-quantile plot for the fit of

NN data in the range Elab = 0� 280 MeV using ⇤ = 452.9 MeV. The distribution of residuals,
shown by blue crosses, is consistent with the normal distribution N (0, 1) at a given confidence level
if all points lie inside the corresponding confidence band. Dashed and solid lines mark the 68%

and 95% confidence bands, respectively.
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 Results for the πN constants (preliminary)



 Summary and outlook

Chiral EFT  was used to determine πN coupling constants from a combined 
analysis of np and pp scattering data at a per-cent level with fully controlled 
uncertainties

Differently to Granada 2017, no evidence is found for charge dependence 
of πN coupling constants

— finalize error analysis of πN couplings
— IB effects in NN phase shifts and observables
— systematic investigation of IB effects in few-nucleon systems

To be done/work in progress:

new reference values for πN coupling constants


