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Achieving this goal involves developing predictive theoretical models that allow us to understand the 
emergent phenomena associated with small-scale many-body quantum systems of finite size. The detailed 
quantum properties of nuclei depend on the intricate interplay of strong, weak, and electromagnetic 
interactions of nucleons and ultimately their quark and gluon constituents. A predictive theoretical 
description of nuclear properties requires an accurate solution of the nuclear many-body quantum 
problem — a formidable challenge that, even with the advent of super-computers, requires simplifying 
model assumptions with unknown model parameters that must be constrained by experimental 
observations.  

Fundamental to Understanding 

The importance of rare isotopes to the field of 
low-energy nuclear science has been 
demonstrated by the dramatic advancement in 
our understanding of nuclear matter over the 
past twenty years. We now recognize, for 
example, that long-standing tenets such as 
magic numbers are useful approximations for 
stable and near stable nuclei, but they may 
offer little to no predictive power for rare 
isotopes. Recent experiments with rare 
isotopes have shown other deficiencies and 
led to new insights for model extensions, 
such as multi-nucleon interactions, coupling 
to the continuum, and the role of the tensor 
force in nuclei. Our current understanding has 
benefited from technological improvements 
in experimental equipment and accelerators 
that have expanded the range of available 
isotopes and allow experiments to be 
performed with only a few atoms. Concurrent 
improvements in theoretical approaches and 
computational science have led to a more 
detailed understanding and pointed us in the 
direction for future advances.  

We are now positioned to take advantage of these developments, but are still lacking access to beams of 
the most critical rare isotopes. To advance our understanding further low-energy nuclear science needs 
timely completion of a new, more powerful experimental facility: the Facility for Rare Isotope Beams 
(FRIB). With FRIB, the field will have a clear path to achieve its overall scientific goals and answer the 
overarching questions stated above. Furthermore, FRIB will make possible the measurement of a majority 
of key nuclear reactions to produce a quantitative understanding of the nuclear properties and processes 
leading to the chemical history of the universe. FRIB will enable the U.S. nuclear science community to 
lead in this fast-evolving field. 

 
Figure 1: FRIB will yield answers to fundamental questions 
by exploration of the nuclear landscape and help unravel 
the history of the universe from the first seconds of the Big 
Bang to the present.  
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“SS-HORSE”
Single State – Harmonic Oscillator Representation of Scattering Equations

For elastic scattering resonances – can be broad resonances
7He (n + 6He channel)

Tetraneutron (democratic decay)

“tBF” 
Time-dependent Basis Function

For elastic and inelastic scattering
Sub-barrier Coulomb dissociation of deuteron by 208Pb

Scattering Applications with the Ab Initio No-Core Shell Model
Two Approaches

Common features:
Employ NCSM results for bound and unbound states
Non-perturbative treatment of scattering without phenomenological optical potentials
Can employ chiral EFT interactions (strong and EM) in scattering applications 
Systematically improvable



This is an exactly    
solvable algebraic problem!

Arises as a natural extension of 
NCSM where both potential and 
kinetic energies are truncated 
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Infinite set of algebraic equations in HO basis of relative motion:
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“think outside the box”=>

NCSM with: 

“Harmonic Oscillator Representation of Scattering Equations”

General idea of the
HORSE formalism



Single-State HORSE (SS-HORSE)

Eλ are (obtained from) eigenvalues of the NCSM (for given ħΩ and Nmax). Once a 
scattering channel is defined (sets the continuum energy scale) the phase shift is 
calculated.  Ananlog of                  method for a plane-wave basis.

A.M. Shirokov, A.I. Mazur, I.A. Mazur and J.P. Vary, PRC 94, 064320 (2016); arXiv:1608.05885
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Standard HORSE

Single-State HORSE

L!!uscher's
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arXiv: 2001.08898

Once the converged phase shifts are obtained via SS-HORSE, proceed to analyze:
Phase shifts -> S-matrix -> complex poles of the S-matrix

Use the spread of the phase shifts to determine resonance uncertainties.

Experiments:  stripping/pickup reactions, IAS studies, one neutron knockout from 8He



I.A. Mazur, et al., arXiv: 2001.08898

SS-HORSE (Daejeon16) agrees
with Experiment, GSM and NCSMC
for two resonances

SS-HORSE (Daejeon16) 
predicts 4 more resonances 
(1/2- ~ NCSMC) that could help 
explain conflicting Experiments 



http://physics.aps.org/articles/v9/14



Tetraneutron, JISP16

Nmax =10-12 resonance params:
Er = 844 keV, Γ = 1.378 MeV,
Efalse = -55 keV.
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Tetraneutron:

JISP16 results: A. M. Shirokov, G. Papadimitriou, A. I. Mazur, I. A. Mazur, R. Roth, 
and J. P. Vary, Phys. Rev. Lett. 117, 182502 (2016);  
Other results: A. I. Mazur, A. M. Shirokov, I. A. Mazur, L. D. Blokhintsev, Y. Kim, 
I. J. Shin, and J. P. Vary, Phys. At. Nucl. 82, 537 (2019); I. A. Mazur, A. M. Shirokov, 
A. I. Mazur, I. J. Shin, Y. Kim, P. Maris, and J. P. Vary, Phys. Part. Nucl., 50 , 537 (2019).



Newer tetraneutron results of Darmstadt group 
working in larger spaces (S. Alexa, et al, preliminary)



Can one study nuclear elastic and inelastic scattering
non-perturbatively as an entangled/coherent state?

This could enable promising avenues of research to

v Probe ab initio nuclear structure results with strong
external and time-dependent Coulomb + nuclear forces

v Use ab initio scattering amplitudes to compare 
with experimental cross section data

v Investigate “forbidden” transitions resulting from 
non-perturbative processes – sensitivity to EFT?

v Search for emergent phenomena – coherent 
non-perturbative processes (eka-resonances, 
resonant charge exchange, . . . )

Motivations for tBF



Scattering with the time-dependent 
basis function (tBF) approach

• Natural extension of the NCSM
• Non perturbative 
• Ab initio

• Full quantal coherence

1. Ab initio structure 
calculation 

2. Time-dependent 
process

• State vector becomes amplitudes
• Operators become matrices 

Ø Weijie Du, Peng Yin, Yang Li, Guangyao Chen, Wei Zuo, Xingbo Zhao, and James P. Vary, Phys. Rev. C 97, 064620 (2018);
Ø Weijie Du, Peng Yin, Guangyao Chen, Xingbo Zhao, and James P. Vary, in Proceedings of the International Conference

“Nuclear Theory in the Supercomputing Era–2016” (NTSE-2016), Khabarovsk, Russia, September 19–23, 2016.
Ø Peng Yin, Weijie Du, Wei Zuo, Xingbo Zhao and James P. Vary, arXiv:1910.10586

VI(t)

I



We solve the time-dependent 
Schrödinger equation in the basis rep.
§ Equation of motion of the scattering in the interaction picture is

§ Formal solution of the EOM

§ Within the basis rep., the state vector of the system under scattering is the 
superposition of the bases

§ The transition amplitude is

13

initial value 
problem or any initial state expressed as

a superposition of NCSM states



• MSD for the evolution:

[T. Iitaka, Phys. Rev. E 49 4684 (1994)]

• MSD is an explicit method – it does not evaluate matrix inversions
• MSD2 is accurate up to ("#)%
• MSD4 is accurate up to ("#)&, however less efficient
• We employ MSD2 for better numerical stability and efficiency 

Numerical solution of the time-evolution 
operator: Multi-Step Differencing (MSD)

M
SD

2
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• Scattering states of np system: LENPIC N4LO in 3DHO basis with large Nmax
• Rutherford + polarization potential trajectory of CM
• Scattering basis space: coherent superposition of hundreds of states
• E1 transition included; M1 transitions found to be very weak in comparison

Ø Peng Yin, Weijie Du, Wei Zuo, Xingbo Zhao and James P. Vary, arXiv:1910. 10586.

d+208Pb scattering below Coulomb barrier

!"#$ = −12)*
+,+ 1

(.+ + .0+)+

Solve EOM for CM motion in external field:
Vpot =Vc +Vpol

VI (t) = time-dependent electric dipole field 

            acting on np relative coordinates
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Implies:



17

• Initial state: deuteron ground state with M=-1;
• P0 is the probability of the initial state;
• The asymptotic value is well converged with respect to Nmax and Ecut.

d+208Pb scattering at Ed=7 MeV and θ=150o

Convergence with respect to Nmax and Ecut

Peng Yin, et al., in preparation
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Peng Yin, Weijie Du, Wei Zuo, Xingbo Zhao and James P. Vary, arXiv:1910.10586
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• Initial state: deuteron ground state with M=-1;
• P is the probability of states other than the initial state;
• Allowed states (solid lines) populate first. Forbidden states (dotted lines) populate afterwards.
• 6 allowed states populate dominantly in the early stage of the time evolution.

d+208Pb scattering at Ed=7 MeV and θ=150o

Sequence of population

Peng Yin, et al., in preparation

Nmax=200, Ecut=14 MeV 
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d+208Pb scattering at Ed=7 MeV and θ =150o

Phase coherence and decoherence

Transitions to forbidden states 
generate phase decoherence.

~2! ~2! No~2!

Peng Yin, et al., in preparation
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d+208Pb scattering
Observables: cross section and Von-Neumann entropy

!"#$% = −(
)
*)+,-*)

!"#$%,/,% = −∑) *)+,-*) + 3×%
4 log

%
4

Unpolarized initial state: 
equal probability (%4) for M=-1,0,1 at t=0.
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Conclusions/Perspectives

² New scattering application opportunities with the SS-HORSE formalism

² 7He and Tetraneutron examples illustrate the recent progress and challenges

² Extensions to proton-nucleus resonances such as p + 4He have been reported

² tBF offers access to dynamics that complements stationary state approaches

² tBF provides opportunities to test strong and electromagnetic interactions 
from chiral EFT in precision reaction studies

² Higher energy diffractive dissociation of rare isotope beams under investigation
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