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What’s neutrinoless double beta decay?

At nuclear-structure level, it corresponds to the transition

AZ →A (Z + 2) + 2e−

V. Cirigliano+ (2020)

Schechter-Valle theorem (1982):
any diagram causing the 0νββ
decay will generate a Majorana
mass term for light neutrinos

1 Beyond SM physics:
nonzero neutrino mass

2 Nature of neutrinos:
Dirac or Majorana

3 Origin of the
matter-antimatter asymmetry:
Lepton-number violation
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What kind of nuclei to observe the 0νββ?

Single-beta decay is
energetically forbidden
Experimental interest

1 Large Qββ value
2 Large isotopic abundance
3 Low background in the

energy region of interest

Features of candidate nuclei
The nuclei evolved in the 0νββ are mostly medium-mass open-shell (deformed) nuclei.
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Current status on the studies of 0νββ decay

Based on the mechanism of exchange light Majorana neutrino, the inverse of half-life of
0νββ can be factorized as

[T 0ν
1/2]−1 = g4

AG0ν

∣∣∣∣ 〈mββ〉me

∣∣∣∣2 ∣∣∣M0ν
∣∣∣2 , 〈mββ〉 = |

∑
i=1,2,3
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ei mi |
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A precise knowledge (from ab initio calculation) of the nuclear matrix element (NME)
M0ν is helpful to determine the neutrino effective mass 〈mββ〉, if the process is mea-
sured eventually.
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Nuclear matrix element for the 0νββ decay

The NME for the 0νββ transition from |0+
I 〉 to |0+

F 〉

M0ν(0+
I → 0+

F ) = 〈0+
F |O

0ν |0+
I 〉

– the transition operator: exchange of light neutrinos and with closure approximation

O0ν =
4πR
g2

A

∫
d3~r1

∫
d3~r2

∫
d3~q

(2π)3

ei~q·(~r1−~r2)

q(q + Ed )
J †µ(~r1)J µ†(~r2)

=
∑

K

∑
1,2

HK (r12,Ed )τ+
1 τ

+
2 SK (1)

where SK = {1, σ1 · σ2, 3(σ1 · r̂12)(σ2 · r̂12)− σ1 · σ2} for K = {F ,GT ,T},
respectively. The average excitation energy Ed = Ē − (Ei + Ef )/2 ∼ 1.12A1/2.
Only one-body current J µ is taken into account in the present study.
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ab initio calculations of nuclear structure

– The wave functions of initial and final nuclei require the calculation from ab initio
methods:

1 starts from a bare nucleon-nucleon interaction (fitted to data of NN scattering/few-body
systems)

2 solves Schroedinger equation (for the many-body system) with a controllable accuracy
of approximations

Benchmark calculations in light nuclei:
√

Variational Monte Carlo calculation starting from the Argonne v18 two-nucleon
potential and Illinois-7 three-nucleon interaction for light nuclei
S. Pastore et al. (2017)

√
No-core shell model calculations starting from chiral NN+3N interactions for light
nuclei P. Gysbers et al., R. A. Basili et al. (2019)

Extension to medium-mass candidate nuclei:√
Application of coupled-cluster (S. Novario, G. Hagen, T. Papenbrock et al.) and
valence-space in-medium similarity renormalization group (IMSRG)
(Antoine Belley, R. Stroberg, J. Holt et al.) method starting from chiral NN+3N interactions for
0νββ-candidate nuclei

√
Merging the multi-reference IMSRG with generator coordinate method (GCM) starting from
chiral NN+3N interactions for 0νββ-candidate nuclei
JMY, B. Bally, J. Engel, R. Wirth, T. R. Rodríguez, H. Hergert, arXiv:1908.05424
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The method: basic idea of IMSRG

A set of continuous unitary
transformations onto the Hamiltonian

H(s) = U(s)H0U†(s)

Flow equation for the Hamiltonian

dH(s)

ds
= [η(s),H(s)]

where the η(s) =
dU(s)

ds
U†(s) is the

so-called generator chosen to
decouple a given reference state from
its excitations.

Computation complexity scales
polynomially with nuclear size

Tsukiyama, Bogner, and Schwenk (2011)
Hergert, Bogner, Morris, Schwenk, Tsukiyama (2016)

Not necessary to construct the H matrix elements in many-body basis !
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Extension of the IMSRG for the NMEs of 0νββ: challenges

open-shell nuclei with collective correlations: mp-mh excitation configurations

different unitary transformation for the initial and final nuclei: UI(s) 6= UF (s).
Computation of the following matrix element

M0ν = 〈ΦF |UF (s)O0νU†I (s)|ΦI〉 = 〈ΦF |eΩF (s)O0νe−ΩI (s)|ΦI〉 (2)

with truncation error controllable is challenge.

choose the reference state |Φ〉 as an ensemble of the initial and final nuclei
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The IMSRG+GCM method: procedure

Generation of a reference state with collective correlations
1 Constrained deformed HFB calculation with variation after particle-number projection
2 projection onto the right quantum numbers (NZ,J)
3 computing many-body density matrices of the reference state

Normal-ordering all the operators with respect to the reference state and solve the
IMSRG flow equation

1 Ensemble normal-ordering (NO2B)
2 Computing all the RG evolved operators

Diagonalization of the evolved Hamiltonian with GCM
1 Generate a set of non-orthogonal quantum-number projected HFB states with different

coll. correlations
2 mixing of these states with GCM
3 Computing observables with the GCM wave functions using the corresponding evolved

operators
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A benchmark of the method

model space: pf shell

KB3G interaction

Computation time for the many-body density matrices increases significantly while using
chiral interactions in full model space.
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Many-body density matrices in a small model space

Prescription

Construct density matrix elements in a
small model space (defined by emax)

Normal-order the H and solve the
IMSRG flow in a large model space
(eMax)
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An illustrative calculation for deformed nuclei: 8Be

HFB potential energy surface by the
SRG softened chiral interaction
EM1.8/2.0(~Ω = 16 MeV) Starting from the reference state with

two-α structure, the IMSRG(2) is
converged to ground state.
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Applications to neutrinoless double beta decay

Benchmark calculations of light nuclei:

1 transition between ∆T = 0 states: 6He→ 6Be, and 10Be→ 10C
2 transition between ∆T = 2 states: 8He→ 8Be, and 22O→ 22Ne

Application to candidate 0νββ process (∆T = 2):

1 48Ca→ 48Ti
2 76Ge→ 76Se
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0νββ from 6He and 6Be (∆T = 0)

SRG softened two-body NN interaction: EM2.0/500

make use of isospin symmetry in the wave functions of initial and final nuclei

0 2 4 6 8 10 12 14
NMax

30

28

26

24

22

20

E 
[M

eV
]

(a) NCSM

6He
02468101214

eMax

30

28

26

24

22

20

E 
[M

eV
]

EM2.0/ = 20 MeV

(b) IMSRG

0 2 4 6 8 10 12 14
NMax

1

0

1

2

3

4

5

6

M
0

(a) NCSM

6He  6Be
GT
Fermi
Tensor

0.02.55.07.510.012.5
eMax

1

0

1

2

3

4

5

6

M
0

EM2.0/ = 20 MeV

(b) IMSRG

R.A. M Basili, JMY, J. Engel, H. Hergert, M. Lockner, P. Maris, J.P. Vary, arXiv:1909.06501

J. M. Yao FRIB/MSU Ab initio calculation of 0νββ 14 / 50



Contribution from the short-range operator

0νββ from 6He and 6Be (∆T = 0)

chiral 2N+3N interaction(EM1.8/2.0), isospin symmetry is NOT assumed in the wfs
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M0ν is weakly sensitive to the shapes/deformations of concerned

M0ν (GT/F/TE)= 3.18/0.88/-0.05

VMC (AV18+IL17): M0ν (GT/F/TE)=3.688/0.946/-0.025 [S. Pastore+(2018)]
discrepancy contributed from both wfs and transition operators.
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0νββ from 6He and 6Be (∆T = 0)

M0ν =

∫ ∞
0

C0ν(r12)dr12
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Note: A factor of −g2
A has been

multiplied into the Fermi part.
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Summary of the NMEs in light nuclei
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consistent with the findings in the “exact" calculations with VMC (AV18+IL17) S.
Pastore et al (2018); X.B. Wang (2019) and NCSM (EM1.8/2.0) P. Gysbers et al.
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Application: 0νββ from 48Ca to 48Ti

2

radius [13]. The normal-ordered two-body (NO2B) approxi-
mation is adopted for the 3N forces with an additional energy
cut on three-body matrix elements e1 + e2 + e3  E3max = 14.
Here, the eis are single-particle energies (in units of ~⌦) of the
harmonic-oscillator basis.

Starting from the Hamiltonian (2), we carry out a variation
after particle-number projection (PNVAP) calculation within
the framework of the symmetry-unrestricted Hartree-Fock-
Bogliubov (HFB) approach. This calculation provides us with
a convenient way to choose a reference state for the IM-SRG
calculation [14]. Here, we choose it as an ensemble of the
energy-minimum states of Ca48 and Ti48 with proper quantum
numbers. We normal-order the Hamiltonian (2) with respect
to this reference state and decouple the reference state from all
its excitation states through a continuous unitary transforma-
tion U(s) = e⌦(s), where ⌦(s) is an anti-hermitian many-body
operator determined by the flow equation [15]

d⌦(s)
ds

=

1X

n=0

Bn

n!
adk
⌦(s)(⌘(s)) (3)

where Bn=0,1,2,··· are the Bernoulli numbers, adk
⌦(⌘) =

[⌦, adk�1
⌦ (⌘)] is a chain of nested commutators with ad0

⌦(⌘) =
⌘, and ⌘(s) is the generator of the IM-SRG transformation.
All the operators of interest are evolved with the same unitary
transformation and computed by using the Baker-Campbell-
Hausdor↵ formula

O(s) = e⌦(s)Oe�⌦(s) =

1X

n=0

1
n!

adk
⌦(O). (4)

The IM-SRG flow brings many-body correlations into the
Hamiltonian and transforms the Hamiltonian to be more suit-
able for mean-field and beyond calculations. By using the
ensemble reference state, we are able to derive an e↵ective
Hamiltonian with a single unitary transformation for both
initial and final nuclei and the evolved 0⌫�� decay opera-
tor, avoiding the di�culty of having two di↵erent ones [16].
With the evolved Hamiltonian H(s), we carry out a sec-
ond PNVAP calculation which generates a set of number-
projected HFB wave functions |�(Q)i with Q = {q2µ, �np}
representing di↵erent average values of quadrupole moments
q2µ = h�(Q)|r2Y2µ|�(Q)i and neutron-proton isoscalar pair-
ing amplitude �np = h�(Q)|P†0|�(Q)i + h�(Q)|P0|�(Q)i. The
neutron-proton isoscalar pairing operator is defined as

P†µ =
1p
2

X

`

ˆ̀[a†
`
a†
`
]L=0,J=1,T=0
0µ0 , (5)

where ˆ̀ =
p

2` + 1, and L, J,T are the coupled orbital angu-
lar momentum, total angular momentum, and isospin of the
neutron-proton pair. If not mentioned explicitly, we impose
axial symmetry for the HFB wave functions which, as we will
see, is a good approximation for Ca48 and Ti48 . The wave
functions of low-lying states are constructed as a linear su-
perposition of these HFB wave functions projected onto good

FIG. 1. The particle-number projected potential energy surfaces of
Ca48 and Ti48 in the deformation (�2, �) plane. The two neighbouring

contour lines are separated by 1 MeV.

particle numbers (N,Z) and angular momentum J within the
GCM framework,

| JNZi =
X

Qi

FJNZ(Qi) |JNZ(Qi)i , (6)

where |JNZ(Qi)i ⌘ PJ PN PZ |�(Qi)i with PN(Z) and PJ be-
ing the projection operators onto particle numbers and angu-
lar momentum, respectively. The mixing weight FJNZ(qi) is
determined via the variational principle, leading to the Hill-
Wheeler-Gri�n (HWG) equation [17]
X

Q j

h
H JNZ(Qi,Q j) � EJ

↵N JNZ(Qi,Q j)
i

FJNZ
↵ (Q j) = 0, (7)

where the kernels of operators O are defined as

OJNZ(Qi,Q j) = hJNZ(Qi)|O|JNZ(Q j)i . (8)

The HWG equation (7) is solved as follows [17]: First, we
diagonalize the norm kernel matrix N JNZ(Qi,Q j) and obtain
its eigenvalues nJ

k and eigenvectors uJ
k (Qi), from which we

construct an orthonormal basis of the “natural" states by re-
moving the eigenvalues with nJ

k less than a given cuto↵ value.
The Hamiltonian matrix in this new basis is constructed as

H J
kl =

1q
nJ

k nJ
l

X

Qi,Q j

uJ
k (Qi)H JNZ(Qi,Q j)u

J
l (Q j) (9)

which is subsequently diagonalized
X

l

H J
klG

J
l = EJ

↵G
J
l , (10)

where ↵ labels di↵erent states for a given spin J. The col-
lective wave functions gJ

↵(Q) =
P

k GJ
k uJ

k (Q) are usually in-
troduced and interpreted as probability amplitude as they are
orthogonal to each other. The GCM method combined with
modern energy density functionals (EDF) is referred to mul-
tireference (MR-) EDF [18–20] which has achieved a great
success for low-lying states of nuclei with complex shapes.
It has been found however that most of the MR-EDF frame-
works may su↵er from the issue of spurious divergences and
finite steps [21, 22], and therefore a lot of e↵ort is devoted to
addressing this issue. We note that this issue does not exist in
our Hamiltonian-based calculation.

Extrapolation

E(eMax) = E(∞) + a exp(−b · eMax)
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Application: 0νββ from 48Ca to 48Ti

IMSRG+GCM: Low-energy structure of 48Ti is reasonably reproduced (spectrum
stretched). Inclusion of non-collective configurations from neutron-proton isoscalar
pairing fluctuation can compress the spectra further by about 6%.

IMSRG+CI(T0→ T1): the spectrum becomes more stretched in a larger model
space (more collective correlations).
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Application: 0νββ from 48Ca to 48Ti
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Application: 0νββ from 48Ca to 48Ti

M0ν =

∫
dr12 C0ν(r12)

The quadrupole deformation in 48Ti changes
both the short and long-range behaviors

Neutron-proton isoscalar pairing is mainly a
short-range effect
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Application: 0νββ from 48Ca to 48Ti

The value from Markov-chain Monte-Carlo extrapolation is M0ν = 0.61+0.05
−0.04

The neutron-proton isoscalar pairing fluctuation quenches ∼17% further, which
might be canceled out partially by the isovector pairing fluctuation.
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0νββ from 76Ge to 76Se (preliminary results)
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eMax E2 (e2fm4) Ex (2+
1 ) (MeV) E2 (e2fm4) Ex (2+

1 ) (MeV)

6 255(3) 1.03(4) 412(11) 0.73(1)

8 287(3) 1.17(7) 468(6) 0.70(1)

Exp. 547(6) 0.563 864(22) 0.559

The above B(E2 : 2+ → 0+) values are evaluated
with the evolved one-body E2 operator only.
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0νββ from 76Ge to 76Se (preliminary results)
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renormalization effect on the transition operator:
1 The renormalization effect is mainly contributed from Ω(2)

2 The pp/hh diagrams enhance the NME (GT)∑
ab

O0ν
pp′abΩabnn′ (1− na − nb) + (Ω↔ O0ν) (3)

while the ph diagrams quench the NME.

enhances the transition from 48Ca to 48Ti and quenches that from 76Ge to 76Se.
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Summary of NMEs from IMSRG calculations
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T = 2
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VS-IMSRG(NN+3Nlnl)
IMSRG+GCM(EM1.8/2.0)

The unpublished results of VS-IMSRG are from (A. Belley, R. Stroberg, J. Holt et al.)

Uncertainties from different sources (model truncation, chiral expansion, contact
operator, two-body currents) are to be included.
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Summary and outlook

The mass ordering of neutrinos is expected to be disclosed with the development
of ton-scale 0νββ decay experiments in the next few years, depending on the
values of the NMEs.

The NMEs governing the 0νββ are essential to determine the neutrino effective
mass. Several ab initio methods have begun to calculate the NMEs starting from
first principles.

We develop a novel multi-reference framework of IMSRG+GCM which opens a
door to modeling deformed nuclei with realistic nuclear forces.

The NMEs for several unphysical process in light nuclei and those for candidate
process in medium-mass nuclei 48Ca and 76Ge(preliminary) are calculated. The
NMEs in both cases are smaller than the predictions by (most) phenomenological
models.

More benchmarks among different ab initio calculations for the NMEs are
underway.

Quantification of uncertainties from different sources: systematic and statistic
(open for comments/suggestions)
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