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Neutron star modelling (1/2)

Observables of interest
• Mass vs. radius
• Cooling vs. age
• Accretion heating
• Frequency glitching
• ...

Constraints ⇓ ⇑ Predictions

Nuclear physics at the extremes
• Densities ρ ∈ [0, 4ρ0]
• Temp T ∈ [0, 50 MeV]
• High isospin asymmetry

M. DRISSI - University of Surrey Self-consistent Gorkov Green’s functions : the case of superfluid neutron matter 3/25



Dr
aft

Neutron star modelling (2/2)
[Özel, Freire (2016)]

⇑
Structure equations
• TOV (GR hydrostatic eq)

• Exp constrained :
M ∼ 1 − 2 M�

[Demorest et al. (2011)]

[Yakovlev, Pethick (2004)]

⇑
Cooling models

• ν emissivity
• Heat capacity
• Exp constrained

[Espinoza et al. (2011)]

⇑
Various models

• Angular momen-
tum transfer from
superfluid phase

• Via crust-vortexinteraction
• Trigger unclear

[Haskell, Melatos (2015)]
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Nuclear physics’ main inputs
[Özel, Freire (2016)]

⇑
Equation of State
• Pressure : P(ρ)
• Energy : E(ρ)

[Yakovlev, Pethick (2004)]

⇑
Pairing gaps

• ∆(1S0)(ρ,T )
• ∆(3PF2)(ρ,T )

(In-medium reaction rates)

[Espinoza et al. (2011)]

⇑
Crust-core model
• Cluster formation
• Rotating SF
• Pinning forces

Problem :
Usually taken as independent inputs ⇒ Hinder feedback on nuclear models
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Goal : a consistent nuclear picture
[Courtesy of A. Rios]

Requirements : challenge nuclear potentials & many-body theories
• High density i.e. kF ∼ 600 MeV ⇒ Λb � 600 MeV
→ High Λ/hard-core potentials to mitigate and estimate uncertainties

• Ladder resummation to handle such potentials
• Finite temperature to handle T ∈ [0, 50 MeV]
• Dressed propagator for thermo consistency + continuity equation
• Symmetry-breaking for superfluidity
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The Gorkov extension of Green’s function at finite β

Symmetry-breaking theories
• Partition Ω ≡ Ω0 + Ω1

• [Ω0,Q] 6= 0 (e.g. Q = A)
→ Solution 6= G-invariant
• Quadratic Ω0 ⇒ solvable

Ω0 ≡ 1
2
∑

bc Ubca†bac − Ū∗bcab̄a†c̄
+ Ũbca†ba†c̄ + Ũ†bcab̄ac

Feynman’s diagrammatic

⇒
Wick theorem
Sum over all
contractions

Green and Gorkov’s functions
• Finite β propagators (Ω/Ω0)
• G (11)

bc (τ, τ ′) ≡
〈
T
[
ab(τ)a†c(τ ′)

]〉
• G (12)

bc (τ, τ ′) ≡ 〈T [ab(τ)ac̄(τ ′)]〉

• G (21)
bc (τ, τ ′) ≡

〈
T
[
a†b̄(τ)a†c(τ ′)

]〉
• G (22)

bc (τ, τ ′) ≡
〈

T
[
a†b̄(τ)ac̄(τ ′)

]〉

Self-consistent theory at finite β

• Self-consistent approx on G or Σ
• Trivial extension of [Somà et al. (2011)]
• Energy integrals ↔ Matsubara sums
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Difficulties of summing all ladder diagrams

All ladder diagrams

+ + + . . .

• Mixed PP/HH/PH/Anom rungs
• Tedious combinatorics
→ Track conservation laws
→ Avoid double-counting

Bogoliubov at the rescue ?

All prop 6= 0 ⇒ Not much help

Previous attempts
• In nuclear physics [Bożek 99, 02]

• Other partial sums [Martin-Rodero, Flores 91]. . .

Haussman’s approach
[Haussman 94, 99, 07]

• Def appropriate vertex and propagator
→ Un-oriented diagrammatic
→ Dramatic formal simplification

• But only for fermions with contact 1S0

• But only S-wave pairing
• A posteriori additional approximation
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Reformulation : pushing Nambu to the edge

Nambu formulation
• Aµ ≡

(ab
a†b̄

)
with µ ≡ (b, g)

• 6= canonical commutation rules
{Aµ,Aν } = δµν̄ with µ̄ ≡ (b̄, ḡ)

⇒ Manageable complication

Feynman’s diagrams

G0
µν(τ, τ ′) = 〈T [Aµ(τ)Aν(τ ′)]〉 =

v (2)
µ1µ2µ3µ4 = ; v (k)

µ1...µ2k = . . .

Wick theorem holds in Nambu form 3

Non-oriented diagrammatic 3

Operators expression
• Ω0 = 1

2
∑
µν UµνAµAν

with Uµν ≡ U(b,g)(c,h) ≡

(
Ũ†b̄c −Ū∗b̄c
Ub̄c Ũb̄c

)
gh

• V (k) = 1
(2k)!

∑
µ1...µ2k

v (k)
µ1...µ2k Aµ1 . . .Aµ2k

with v (k)
µ1...µkµ(k+1)...µ2k ≡ v (k)

b̄1...b̄k ck ...c1
× s(k)

ḡ1...ḡk hk ...h1

⇒ (Single-particle × Nambu) separable

Feynman’s graphs
• Fully anti-symmetric vertex

v (2)
[µ1...µ4] ≡

1
(4)!

∑
σ∈S4

ε(σ) v (2)
µσ(1)...µσ(4)

=

Diagrams factorised in pure graph 3

Bonus : Matsubara summation rules 3
[Gaudin (1965), see Blaizot and Reinosa (2006) for an english version]
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The self-consistent Green’s function scheme

Dyson-Schwinger equation : G(Σ)

= + Σ

Two Wick contractions ⇒ Σ antisymmetrisation

Self-consistent self-energy : Σ(G)

Σ = +
T

+ . . .

Approx ≡ truncation on 2PI dressed diagrams
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All formulations are equivalent but . . .
Graph representation (up to 3rd order)

= + + + . . .

⇒ Formulation made as simple as a real scalar field theory

Example : Self-consistent self-energy at second order

A(2)
µν(ωn) =

ν

λ′2
λ′3

λ′1

λ2

λ3 λ1
µ

⇒ Σ(2)
µν(ωn) = A

(2)
µν(ωn)−A(2)

νµ(−ωn)
2

A(2)
µν(ωn) = 1

3!
∑
λ1λ2λ3
λ′1λ
′
2λ
′
3

v (2)
[µλ1λ2λ3] v (2)

[νλ′1λ
′
2λ
′
3]

∫ +∞

−∞

dε1
2π

dε2
2π

dε3
2π

f (ε2)f (ε3)− f (ε3)f (−ε1) + f (−ε1)f (−ε2)
−iωn + ε1 + ε2 + ε3

Sλ1λ′1
(ε1)Sλ2λ′2

(ε2)Sλ3λ′3
(ε3)
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Application : Ladder graphs

Ladder graph (for 2-body GF)

+ + + + . . .

Implicit formulation
• Generalised T matrix

Σ = +
T

T = +
T

End result of formal developments
• Diagrammatic even simpler than for conserving cases
3 Conservation laws : managed with the tensor embedding
3 Combinatorics : automatic with antisymmetrisation of vertices
3 Matsubara sums : based only on topology of the graph
• Simplification increases with orders and k-body GFs/vertices
• Worked out in a generic basis ⇒ works as well for finite systems
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Finite β HFB for infinite neutron matter

First order : HFB

Σ =

Σµ1µ2 = 1
2
∑
µ3µ4

v (2)
[µ̄1µ2µ̇3 ˙̄µ4]f (− (U + Σ))µ3µ4

Recover HFB expression
[Somà et al. (2011)]

Σ11
bc = 1

3!
∑
d1d2

v (2)
bd1cd2

f (−(U + Σ))22d1d2

Σ22
bc = − 1

3!
∑
d1d2

v (2)
bd2cd1

f (−(U + Σ))22d1d2

Σ12
bc = 1

2
1
3!
∑
d1d2

v (2)
bc̄d̄2d1

f (−(U + Σ))12d1d2

Σ21
bc = 1

2
1
3!
∑
d1d2

v (2)
bc̄d̄2d1

f (−(U + Σ))21d1d2

Explicit Nambu integral for matter
Σg1g2
σ1σ2(~k) = 1

4!
∑

g ′1g ′2σ
′
1σ
′
2

∫ d~k ′
(2π)3{

v (2)
(~kσ1)(−~kσ2)(−~k′σ′2)(~k′σ′1)

(
E 12

g1g ′2
E 21

g2g ′1
+ E 22

g2g ′2
E 11

g1g ′1

+ E 21
g ′1g2E

12
g ′2g1 + E 22

g ′1g1E
11
g ′2g2

)
− 2 v (2)

(~kσ1)(−~k′σ′1)(−~k′σ′2)(~kσ2)

(
E 12

g1g ′2
E 21

g ′1g2 + E 11
g1g2E

22
g ′1g ′2

)
+2 v (2)

(~kσ1)(~k′σ′2)(~k′σ′1)(~kσ2)

(
E 22

g2g ′2
E 22

g ′1g1 + E 22
g2g1E

22
g ′1g ′2

)}
×f (− (U + Σ))g ′1g ′2

σ′1σ
′
2
(~k ′)

Infinite matter strategy
• Conservation of momentum
→ Fix ~k reduced problem :

diagonalisation of (U + Σ)(~k)
• 4× 4 matrix problem
→ (Spin × Nambu) dimensions
(Fixed isospin for pure neutron matter)
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Putting HFB in the shape of a gap equation

Anomalous part : gap equation

∆JSmJ
L (k) = (−1)S

∫ d~k ′
(2π)3

∑
L′

∑
J1S1mJ1

L1

[1− (−1)L+S+1]
2

[1− (−1)L′+S+1]
2

×
〈
k
∣∣V JS1

LL′
∣∣ k ′〉 f (−ε(~k ′))− f (ε(−~k ′))

2ε(~k ′)
SJSmJ ,J1S1mJ1

L′,L1
(êk′)∆J1S1mJ1

L1
(k ′)

Eigenvalues

ε(~k) = ±
√
ξ(~k)2 + 1

2 Tr
(

∆(~k)∆†(~k)
)

Quasiparticle energies

Normal part : dispersion relation

ξ(k) =
(

k2

2m − µ
)

+ 1
8π
∑
JLS

[1− (−1)L+S+1]
2 (2J + 1)

×
∫ d~k ′

(2π)3
〈
q
∣∣V JS1

LL
∣∣ q〉{(1 + ξ(k ′)

ε(k ′)

)
f (ε(k ′))− f (−ε(k ′))

2 + f (−ε(k ′))
}

Hidden assumptions
i ξ(~k) ∝ 12

ii ξ(~k) is even
iii ξ(~k) rot. invariant
iv ∆(~k) is unitary
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Lifting assumptions (1/2)

Four distinct eigenvalues

ε±(~k) = ξ(~k)− ξ(−~k)
2 +

√√√√(ξ(~k) + ξ(−~k)
2

)2

+
∣∣∣d0(~k)

∣∣∣2 +
∣∣∣~d(~k)

∣∣∣2 ± ∣∣∣~q(~k)
∣∣∣

−ε±(−~k) = ξ(~k)− ξ(−~k)
2 −

√√√√(ξ(~k) + ξ(−~k)
2

)2

+
∣∣∣d0(~k)

∣∣∣2 +
∣∣∣~d(~k)

∣∣∣2 ± ∣∣∣~q(~k)
∣∣∣

Generalised gap equation
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Lifting assumptions (2/2)
Generalised dispersion relation

Assumption left : ξ(~k) "close to" proportional to 12
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First intermediate results : HFB at T = 0

EM N3LO 500 MeV two-body interaction
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First intermediate results : HFB at T = 0

Benchmark calculation : recover previously known result
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First intermediate results : Gaps at T = 1.11 MeV
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First intermediate results : Gaps at T = 1.26 MeV
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First intermediate results : Gaps at T = 1.29 MeV

Benchmark calculation : phase transition reproduced at HFB order
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Conclusion

. Neutron stars are challenging nuclear systems
• Extreme condition of temperature, density and asymmetry
⇒ Sophisticated many-body calculations and nuclear interaction

. A reformulation of self-consistent Green’s function has been performed
• Simplify diagrammatic and formal developments
⇒ Allow simple derivation of ladder resummation in SB phases

. Numerical implementation for infinite matter is in progress
• Particle-number breaking HFB at finite β for neutron matter
• Implementation for a second order calculation is in progress
• A full ladder resummation will be implemented next

. Eventually many-body calculations will be rooted in a proper EFT
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